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Abstract

In the cross-section of stocks, expected returns and volatility exhibit a pronounced U-shaped
relation: stocks in both tails of the expected-return distribution are substantially more volatile
than those in the middle. This fact shapes how risk premia are transmitted across the capital
structure. Because volatility enters option and bond elasticities with respect to the underlying
with opposite signs, a given expected-return signal is compressed in options but amplified in
corporate bonds. The U-shape also explains the empirical fragility of the idiosyncratic-volatility
anomaly: the unconditional relation between volatility and expected returns represents a mix
of two conditional relations with opposite signs.

Keywords: stock returns, option returns, corporate bond returns, return prediction, volatility,
idiosyncratic volatility, machine learning, capital structure
JEL Classification: G10, G12, G13, G14, G17

∗The views expressed in this paper are solely the responsibility of the authors and should not be interpreted
as reflecting the views of the Board of Governors of the Federal Reserve System or any other person associated
with the Federal Reserve System. We thank our discussant Bjørn Eraker, as well as Nicholas Barberis, Alvin Chen,
Yannick Dillschneider, Can Gao, Paul Huebner, Philippe Mueller, Daniel Neuhann, Riccardo Sabbatucci, David
Schreindorfer, and seminar participants at Stockholm School of Economics, the Virtual Derivatives Workshop, and
conference participants at the Asset Pricing and Machine Learning Conference, BI-SHoF Conference, ESSFM in
Gerzensee, FinEML Conference, St. Gallen Financial Economics Workshop and the Vienna-Copenhagen Conference
on Financial Econometrics for helpful comments and suggestions. Adrien d’Avernas and Tobias Sichert gratefully
acknowledge support from the Lars Erik Lundberg Foundation, and from the Swedish House of Finance. A previous
draft of this paper was circulated under the title “Betting on Stocks with Options”.

†Department of Finance, Stockholm School of Economics, email: adrien.dAvernas@hhs.se.
‡Finance Department, Goethe University Frankfurt, and Leibniz Institute SAFE, email: schlag@finance.

uni-frankfurt.de.
§Department of Finance, Stockholm School of Economics, email: tobias.sichert@hhs.se.
¶Federal Reserve Board of Governors, email: martin.m.Waibel@frb.gov.
‖Faculty of Economics and Business, KU Leuven, email: chunjie.wang@kuleuven.be.

mailto:Adrien.dAvernas@hhs.se
mailto:schlag@finance.uni-frankfurt.de
mailto:schlag@finance.uni-frankfurt.de
mailto:tobias.sichert@hhs.se
mailto:Martin.m.Waibel@frb.gov
mailto:chunjie.wang@kuleuven.be


1 Introduction

In the cross-section of U.S. stocks, expected returns and volatility are related in a pronounced

U-shape: stocks in both tails of the expected-return distribution are roughly twice as volatile as

those in the middle—the volatility smile of expected returns. Estimating expected stock returns

(ESR) with the machine-learning framework of Gu, Kelly, and Xiu (2020), we document that

average volatility (VOL) falls from about 96% per year in the lowest-ESR decile to 36% in the

middle deciles and rises again to 68% in the highest, and the pattern is equally pronounced in

idiosyncratic and total VOL, as shown in Figure 1. This one structure sheds new light on a long-

standing debate: whether riskier stocks earn higher returns is among the oldest questions in finance,

and the literature has never fully settled it—the claim that volatile stocks earn lower returns (Ang,

Hodrick, Xing, and Zhang, 2006) has remained intensely debated for two decades. As we show,

this empirical disagreement is a direct implication of the U-shape.

Common benchmarks for the ESR–VOL relation are monotonic. Were the two unrelated, the

relation would be flat. The textbook risk–return trade-off implies an increasing relation—and only

in systematic risk—yet the U-shape is equally strong in idiosyncratic volatility. The volatility

anomaly of Ang et al. (2006) implies a decreasing one. The data deliver none of the three, but

instead two arms with opposite signs: the stocks with the lowest-ESR exhibit high VOL as in Ang

et al. (2006). However, the finding that the stocks with the highest ESR are similarly volatile is

new. The notion of a downward-sloping relation between volatility and expected returns is thus

just a one-dimensional projection of a two-dimensional object.

The implications of the documented U-shape reach beyond the equity market, and a single

principle organizes them. A firm’s stock, its corporate bonds, and the options written on its stock

are all claims on the same underlying assets, so standard theory ties their risk premia together: each

claim’s expected excess return equals that of the underlying scaled by the claim’s elasticity (Black

and Scholes, 1973; Merton, 1974; Coval and Shumway, 2001). Volatility moves this elasticity with

a sign that differs across claims—it sets the exchange rate at which expected-return information
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Figure 1: The Volatility Smile of Expected Returns

This figure shows average stock volatility across decile portfolios sorted on expected stock returns (ESR) for the
period from 1987-2022. Each month, stocks are sorted into deciles by ESR, the out-of-sample forecast from the
neural-network model of Gu et al. (2020). The y-axis displays the time-series average of each decile’s mean stock
volatility (in %, p.a.). The solid line represents total volatility, measured as the standard deviation of daily stock
returns over the prior 21 trading days; the dashed line represents idiosyncratic volatility relative to the Fama–French
three-factor model. The sample comprises all CRSP common stocks.
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in the underlying converts into the expected returns of the claims written on it. Because VOL is

highest exactly where ESRs are most extreme, the conversion is systematically distorted rather than

merely noisy: the same signal is offset for options and reinforced for bonds. The next paragraphs

document this asymmetric transmission claim by claim.

For options, the consequence is a compression, i.e., a reduction in the return spread between op-

tions on stocks with high and those with low ESR. Moving from the middle of the ESR distribution

towards either tail, the higher (or lower) expected payoff that should move expected option returns

(EOR) is accompanied by higher VOL, which raises option prices and erodes their leverage. These

two forces largely cancel. The implication is that sorting options on the ESR of the underlying

stocks adds nothing in average return compared to a fully uninformed position. Specifically, the

spread between long calls on the highest-ESR stocks, and short calls on the lowest-ESR stocks is
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8.0% per month, which exactly matches the 8.0% average call return, a benchmark requiring no

information at all. The middle ESR portfolios outperform both extreme deciles and the high-minus-

low strategy itself. Put options fare no better against the analogous benchmark of simply selling

the average put. This appears puzzling given the pronounced spread of the underlying stocks when

sorted on ESR and a strongly positive correlation between stock and call returns.

However, we document that the transmission from ESR to EOR is masked rather than absent:

holding volatility fixed with double sorts, ESR predicts option returns as theory would suggest

and delivers the amplification presumed by the literature on informed trading (Easley, O’Hara,

and Srinivas, 1998; Pan and Poteshman, 2006; Ge, Lin, and Pearson, 2016). Yet, for calls, this is

observed only among the most volatile stocks, where options are most expensive and least levered.

In this region, the spread carries its predicted sign, yet it is economically unattractive with a Sharpe

ratio roughly half of what we find for a pure equity strategy (0.80 versus 1.51). The strategy is

also dominated outright by sorting options on volatility alone. Hence, an investor who finds the

embedded leverage of options attractive would do better by simply levering a stock investment.

Corporate bonds reveal an analogous confound, albeit with the opposite sign as discussed above.

Unlike for options, a modest unconditional spread does come through—and conditioning on volatil-

ity shows why: it is absent among low-volatility issuers and rises to 67 basis points per month among

the most volatile. This effect is present only for risky bonds of high-yield issuers, precisely where the

structural Merton model makes bonds most option-like. Relatively safe investment-grade bonds,

by contrast, show no ESR-sorted spreads even though the respective stocks exhibit predictability.

Consequently, while volatility offsets the transmission of ESR to options, it amplifies it to bonds.

The U-shape equally reorganizes the evidence within equities. It implies the cross-sectional

risk-return trade-off has no single sign: among low-ESR stocks, higher volatility accompanies lower

returns. Among high-ESR stocks, higher volatility has the opposite effect. A univariate sort on

volatility therefore cannot deliver a clear answer regarding the VOL-ESR trade-off. It rather blends

two conditional relations with opposite signs in proportions that shift with sample and design
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choices, so that the overall outcome can have either sign. We argue that this is the underlying

reason of the well-documented empirical ‘fragility’ of the volatility anomaly (Bali and Cakici, 2008;

Han and Lesmond, 2011; Avramov, Chordia, Jostova, and Philipov, 2013; Bekaert, Bergbrant, and

Kassa, 2025).

The U-shape also implies heterogeneity in the strength of predictability across VOL levels.

Indeed, the out-of-sample average return spread rises from 86 basis points per month in the lowest

VOL quintile to 533 in the highest VOL quintile. The signal is concentrated among volatile stocks,

precisely where options are most expensive and bonds most sensitive to firm value. Bonds therefore

inherit the signal where it is largest. For options, the same volatility that marks its location raises

option prices and cancels its effect. In short, what governs transmission is not the strength of the

predictability but its location. Because predictability is concentrated among volatile stocks, options

receive little of it and bonds much. Throughout, we remain agnostic on whether the predictability

reflects risk or mispricing—our results concern how this predictability transmits, whichever it is.

Two further pieces of evidence corroborate the mechanism. When we predict option returns with

machine learning and a comprehensive set of 227 predictors, option returns are highly predictable—

but not by the variables that predict stock returns, and barely by ESR. When we predict option

prices instead, the ESR becomes highly informative. The same holds for corporate bonds where

ESR predicts prices far more strongly than expected bond returns. This seems to violate the

principle that derivative prices are independent of expected returns of the underlying. Instead, it is

the volatility channel in disguise: ESR is such a strong proxy for volatility that it indirectly prices

the claims even though, according to theory, expected returns per se should not. Indeed, the full set

of findings—weak unconditional spreads, the option–bond asymmetry, and the price–return gap—

emerges from the standard Black–Scholes–Merton framework once the empirical co-movement of

ESR and VOL is imposed. The framework speaks even to the origin of the co-movement itself:

because equity is a levered claim on the firm’s assets, leverage scales the equity premium and equity

volatility together. Consistent with Doshi, Jacobs, Kumar, and Rabinovitch (2019), who show that
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the univariate volatility anomaly virtually disappears in unlevered returns, we find that de-levering

removes much of the U-shape in the broad cross section.

We show that the U-shaped relationship between VOL and ESR is robust to alternative weight-

ing schemes, subsamples, numerous alternative volatility measures and an alternative ESR measure

based on the adaptive group LASSO of Freyberger, Neuhierl, and Weber (2020). We rule out that

the U-shape is an artifact of sorting on estimated returns: noise in ESR can generate neither the

return dispersion we find within VOL groups nor the sign-flipping predictive power of VOL in the

tails; and a calibrated simulation study shows that estimation noise cannot reproduce what the data

display—a pronounced U-shape together with strong return predictability. Regarding the relation

between ESR, options and bonds, we rule out alternative explanations such as demand pressure,

shorting fees, transaction costs, and measurement bias in option returns.

The lesson from our analyses generalizes beyond the signal we study. Any expected-return

characteristic that co-moves with volatility will transmit unevenly across a firm’s claims—muted

in some, magnified in others. Cross-asset tests of whether a factor is priced in multiple markets

therefore inherit the hazard of the univariate sort. Unless volatility is held fixed, the volatility

channel can masquerade as differential pricing: a muted transmission reads as a pricing failure in

one market, an amplified one as a distinct premium in another.

2 Related Literature

Our paper relates to several strands of the literature. First, we contribute to the literature on the

cross-sectional relation between volatility and expected returns. The volatility anomaly documented

in Ang et al. (2006) has generated a large literature disputing its robustness, with alternative

measures, samples, or weighting schemes shown to attenuate or eliminate it (e.g., Bali and Cakici,

2008; Han and Lesmond, 2011; Avramov et al., 2013; Bekaert et al., 2025). As argued above, we

locate the source of these conflicting empirical results in the U-shaped relationship between ESR

and VOL itself.
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Stambaugh, Yu, and Yuan (2015) document a related conditional sign flip of the volatility

anomaly. Using their composite mispricing score, they show that among the most overpriced

stocks, higher volatility predicts lower expected returns, while the opposite is true for the most un-

derpriced stocks. Interpreting overpricing as equivalent to low expected returns, this resembles our

finding. However, Stambaugh et al. (2015) strongly emphasize that due to an arbitrage-asymmetry

mechanism, the negative relationship is much stronger in absolute terms than the positive one. In

contrast, we find that the positive relationship between volatility and expected returns for high ESR

stocks is at least as strong—if not stronger than—the negative one for low ESR stocks. Moreover,

Section 4.4 shows that the relationship between the mispricing score of Stambaugh et al. (2015)

and VOL is monotonic.

Second, a large body of work argues that informed investors prefer to trade in the options mar-

ket when they possess information about future stock prices (e.g., Easley et al., 1998; Chakravarty,

Gulen, and Mayhew, 2004; Pan and Poteshman, 2006; Lakonishok, Lee, Pearson, and Poteshman,

2007; Roll, Schwartz, and Subrahmanyam, 2010; Johnson and So, 2012). Our option results qualify

the premise of this literature: the amplification that embedded leverage should provide is system-

atically offset by the co-movement of expected returns and volatility, and it survives only where

option prices are highest. As we are explicitly interested in the link between the underlying and

the options, we focus on unhedged option returns rather than the delta-hedged returns common in

the literature, which by construction strip out exposure to the underlying (Bakshi and Kapadia,

2003a; Bali, Beckmeyer, Moerke, and Weigert, 2023b).

Third, our analysis builds on the literature on expected option returns and their relation to

risk. Coval and Shumway (2001) show that options provide levered exposure to priced risk factors,

and subsequent work emphasizes variance and higher-moment risk premia (e.g., Bakshi, Kapadia,

and Madan, 2003; Bakshi and Kapadia, 2003b; Duarte, Jones, and Wang, 2024), while a large

literature establishes that higher volatility lowers expected call returns (e.g., Galai and Masulis,

1976; Johnson, 2004; Hu and Jacobs, 2020; Aretz, Lin, and Poon, 2022). Each of these forces is
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well understood in isolation. However, what has not been studied is their interaction with the

cross-sectional structure of expected returns. As high-ESR stocks are precisely the volatile ones,

the volatility effect on the price offsets the payoff effect of the ESR, and the unconditional relation

between expected stock and option returns is far weaker than standard theory absent the U-shape

would suggest. A related literature shows that option-implied variables predict future stock returns

(e.g., Bali and Hovakimian, 2009; Cremers and Weinbaum, 2010; Xing, Zhang, and Zhao, 2010; An,

Ang, Bali, and Cakici, 2014; Ge et al., 2016), although few retain incremental power once firm

characteristics are controlled for (Neuhierl, Tang, Varneskov, and Zhou, 2025). We study the

opposite mapping, from expected stock returns into option returns.

Fourth, our paper speaks to the literature linking equity and corporate-bond markets. Struc-

tural models connect the two through the firm’s assets. While Collin-Dufresne, Goldstein, and

Martin (2001) find that structural determinants explain little of the variation in credit-spread

changes, Schaefer and Strebulaev (2008) show that the same models capture the sensitivity of bond

returns to firm value well, and Campbell and Taksler (2003) document that equity volatility is

a first-order determinant of corporate bond yields. This volatility-dependent sensitivity of bond

value to the firm is exactly the channel our mechanism builds on. Closest in spirit to us, Friewald,

Wagner, and Zechner (2014) build on the same structural relationships and show that credit risk

premia estimated from CDS spreads predict equity returns. We run the mapping in the opposite

direction. A related literature debates whether cross-sectional anomalies are shared across equity

and bond markets or reflect their (dis)integration (Kapadia and Pu, 2012; Chordia, Goyal, Nozawa,

Subrahmanyam, and Tong, 2017; Choi and Kim, 2018), and recent work traces the comovement

of corporate bonds and stocks to credit risk (Dickerson, Fournier, Jeanneret, and Mueller, 2025).

We contribute by presenting a specific reason why the cross-asset link can appear weak: the same

volatility confound that mutes the option results also understates the transmission to bonds, which

emerges fully only once volatility is held fixed.

Finally, we build on the machine-learning literature in empirical asset pricing (Freyberger et al.,

7



2020; Gu et al., 2020). We take the predictability of stock returns as given and ask how it transmits

to a firm’s other claims, thus complementing machine-learning work on option and cross-asset

returns (Büchner and Kelly, 2022; Bali, Beckmeyer, and Goyal, 2023a; Bali et al., 2023b; Fournier,

Jacobs, and Orłowski, 2024; Chen, Roussanov, Wang, and Zou, 2024; Dickerson, Julliard, and

Mueller, 2026a). For tests of whether factors are jointly priced across asset classes, our results carry

an important methodological implication. Because volatility can enter the elasticity of different

claims with different signs, cross-asset tests that do not condition on it can mistake the volatility-

induced elasticity channel for differential pricing.

3 Data and Variable Definitions

We describe the data used in our empirical analysis—stocks, options, and corporate bonds written

on the same underlying firms—and the construction of our central variable, the expected stock

return (ESR). Summary statistics are reported in Table IA.1.

3.1 Stocks and Firms

We obtain historical price and trading volume data for the underlying stocks from CRSP and

accounting data from Compustat. As is common in the literature, we restrict our analysis to

common stocks (share codes 10 or 11) of firms listed on the NYSE, Amex, or NASDAQ. Our stock-

level variables span the period from January 1957 to December 2022, featuring data from 33,475

stocks, with an average of 5,334 stocks per month. We supplement this data with the risk-free rate,

using the 3-month U.S. Treasury bill rate obtained from FRED. Stock returns, RS , are measured

monthly, in excess of the one-month risk-free rate.

3.2 Options

Our option sample consists of all available individual stock options from OptionMetrics IvyDB

US for the period from January 1996 until December 2022. The data contain information on the
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entire exchange-traded U.S. individual stock options market and include the daily closing bid and

ask quote as well as implied volatility, option Greeks, trading volume, and open interest. We also

use the interpolated implied volatility surface data from OptionMetrics, but only for constructing

option-based characteristics. We then apply a series of standard options data filters established

in the literature.1 Moreover, since individual stock options are of the American type, we exclude

options on stocks that pay a dividend during the holding period to eliminate effects from a potential

early exercise for calls.2 Finally, we use the risk-free rate provided by OptionMetrics for option

returns and characteristics.

Our main option variable is the monthly, unhedged hold-to-maturity return of individual stock

options in excess of the risk-free rate, defined as

RC
i,t+1 =

max(0, Si,t+1 −K)
Ci,t

− (1 +Rf,t), (1)

RP
i,t+1 =

max(0,K − Si,t+1)
Pi,t

− (1 +Rf,t), (2)

where Ci,t and Pi,t denote the price of the call and put, respectively, on stock i with strike K at time

t, Si,t denotes the underlying stock price, and Rf,t is the risk-free rate. While many papers study

so-called delta-hedged option returns, we deliberately deviate. Delta-hedged returns are designed

to eliminate the effect of the underlying stock return on the option return (Bakshi and Kapadia,

2003a) and isolate the effects of higher moments on option risk premia. We, instead, are explicitly

interested in studying the relationship between ESR and EOR.

We construct a panel of monthly, non-overlapping option returns from the first trading day
1Specifically, we exclude all option prices that violate standard no-arbitrage bounds (which corresponds to the

options where OptionMetrics does not provide an implied volatility or Greeks, see Duarte et al., 2024). Moreover, we
follow Goyal and Saretto (2009), Cao and Wei (2010), Muravyev (2016), Christoffersen, Goyenko, Jacobs, and Karoui
(2018), and Duarte et al. (2024), and require options to have a strictly positive best bid, a mid-price of at least $0.10,
a relative bid-ask spread not exceeding 50% of the midpoint, and we restrict to options with strictly positive volume.

2Absent dividends, early exercise is never optimal for American calls, so call prices coincide with their European
counterparts, whereas American puts can retain an early-exercise premium even without dividends. This premium is
small for the short-maturity, at-the-money contracts we study, and since it may itself vary with volatility, its effect
on the measured transmission could go in either direction. We therefore regard the call results as the cleaner test.
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after the third Friday in a given month until the third Friday in the next month (which is the

expiration date following the standard monthly expiration cycle). We focus on these options, since

they usually represent the most liquid contracts. The options are bought on the first trading day

after each third Friday (typically a Monday) to avoid expiration day effects. Note that our return

calculation only requires option prices at the time of the portfolio formation and none thereafter,

which alleviates concerns regarding a look-ahead bias as discussed in Duarte, Jones, Khorram, Mo,

and Wang (2025). We consider call and put options with moneyness in the range of K/S ∈ [0.9, 1.1].

For each type, stock, and month, we maintain the contract that has moneyness closest to 1 (at-

the-money; ATM). Our final call-stock matched sample consists of 7,676 unique stocks, with on

average 1,463 stocks per month, while for the put-stock matched sample the respective numbers

are 7,410 and 1,200.

3.3 Corporate Bonds

Following Dickerson, Robotti, and Rossetti (2026b), we use raw TRACE enhanced and 144A trans-

action records merged with the Mergent Fixed Income Securities Database (FISD) for bond char-

acteristics. Our sample comprises USD-denominated, fixed-rate, non-convertible, non-asset-backed

bonds with $1,000 par value and at least one year to maturity at issuance. We apply standard

filters from Dick-Nielsen (2014) to remove cancellations, corrections, reversals, and agency-side

duplicates. Beyond these standard procedures, we implement two transaction-level corrections out-

lined in Dickerson et al. (2026b) to address recording errors that persist after Dick-Nielsen filtering.3

We then aggregate transactions to daily frequency using volume-weighted average prices.

For corporate bond returns, we follow the literature by including accrued interest and coupon
3First, the decimal shift corrector identifies prices with misplaced decimal points (e.g., 105.0 instead of 10.5) and

applies a multiplicative adjustment when acceptance conditions are satisfied. Second, the bounce-back filter detects
transient price spikes that deviate sharply from a backward-looking anchor before quickly reverting.
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payments, if any, and compute the excess return RB as

RB
i,t+1 =

Bi,t+1 +AIi,t+1 + CPNi,t+1
Bi,t +AIi,t

− (1 +Rf,t), (3)

where Bi,t is the end-of-month t volume-weighted transaction price of issuer i,4 AIi,t denotes the

accrued interest, and CPNi,t denotes the coupon payment in month t.

After implementing the above filters, our dataset consists of 47,917 bonds spanning the period

from January 2006 to December 2022. For each issuer, we retain only the most recently issued bond,

which reduces the number of bonds to 25,115. Lastly, to link bond returns to ESRs, we additionally

require the issuing firm to be present in our stock sample. The final sample consists of 19,008 bonds

issued by 2,458 unique firms, yielding 221,120 bond-month return observations, roughly equally split

across investment grade and high-yield bonds (124,451 and 96,669, respectively).

Investment-grade and high-yield bonds differ sharply in their risk profile. Investment-grade

bonds carry little default risk and are dominated by interest-rate risk, behaving close to default-

free fixed-income claims; high-yield bonds carry substantial credit risk and, in the structural view

of Merton (1974), are far more sensitive to the value and volatility of the issuer’s assets—that is,

far more risky and option-like. We therefore report results separately for investment-grade and

high-yield bonds throughout.

3.4 Stock Volatility

Our benchmark measure for stock volatility is the standard deviation of a stock’s daily returns

over the prior 21 trading days (VOL). This benchmark is simple to compute and requires no stance

on the decomposition into systematic and idiosyncratic components. Our second measure is the

idiosyncratic volatility IVOL of Ang et al. (2006), measured with respect to the Fama-French

three-factor model using the past 21 daily returns. We also consider various alternative total- and
4The end-of-month price refers to the last available price during the last 10 days of a given month. Our ESR

signal used to form bond portfolios is computed from information dated before this window opens, so signals strictly
predate formation prices.
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idiosyncratic-volatility measures, which are all highly correlated, so “volatility” can be understood

as a generic term for this group of measures.

3.5 Expected Stock Returns

A firm characteristic central to our analysis is the ESR, which we estimate following Gu et al.

(2020) (henceforth GKX) as closely as possible—using the same predictors, the same method, and

the same data. We construct the set of firm characteristics used by GKX, which build on the

94 stock-level predictors of Green, Hand, and Zhang (2017). Together with industry dummies

and a few additional firm-level variables, this yields a total of 147 characteristics summarized in

Table IA.23. We estimate ESR with a three-layer neural network (NN3) trained to maximize the

out-of-sample (OOS) R2, as GKX find this model to perform best across metrics. We re-estimate

the model each year on an expanding window starting from an initial 1957 to 1986 training and

validation sample (1996 to 2005 for the option sub-sample). Option characteristics are not used to

predict stock returns. For the stock-option analysis, we use ESRs estimated with the corresponding

option-return timing. We also use this ESR for bonds, to avoid potential look-ahead bias from the

bond-return construction that includes lagged bond prices, such that the signals strictly predate

formation prices.

Throughout, we refer to three stock samples. The first is simply the set of all stocks. The

second is the option-matched sample. This sample contains, in each month, the stocks with a valid

ATM option in our filtered option sample. The corresponding stock returns are measured over the

option-return window. Because calls and puts pass the filters for slightly different sets of stocks, the

call- and put-matched samples differ marginally. For brevity, “option-matched” refers to the joint

sample throughout, and we present a detailed breakdown of relevant results for the call-matched

and put-matched sample in the appendix. Third, for bonds, we construct two matched samples,

one for high-yield and one for investment-grade bonds. Our main analysis focuses on the high-yield

subsample, with results for the investment-grade sample appearing in the appendix.
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Our ESR estimates deliver the OOS predictability documented by GKX: sorting stocks into ESR

deciles each month, realized returns are nearly monotonic in ESR rank, and the high-minus-low

portfolio earns 390 bps per month (t = 12.0; Table 1), with a Fama and French (2015) five-factor

alpha of 360 bps (t = 19.7; Table IA.3).5 The predictability carries over to the option- and bond-

matched subsamples in Panels B–D of Table 1 with somewhat smaller, albeit still economically

large, spreads. Thus, it is meaningful to ask whether the signal transmits to these firms’ options

and bonds.6

As a robustness check, we construct an alternative ESR measure using the adaptive group

LASSO of Freyberger et al. (2020). Panel E of Table 1 shows that this ESR delivers similar results:

the H−L spread is 404 bps, close to the 382 bps reported by Freyberger et al. (2020).7

4 The Joint Distribution of Expected Stock Returns and Volatility

This section documents the U-shaped joint distribution of expected stock returns and volatility,

shows that it is not an estimation artifact, disentangles the two dimensions with double sorts, and

draws out what the structure implies for the volatility anomaly of Ang et al. (2006).

Throughout the paper, we form equal-weighted portfolios. Equal weighting is the natural com-

mon choice across our three asset classes. We document that the U-shape and the ESR return

spread also hold under value weighting (Table IA.13).

4.1 The Volatility Smile of Expected Returns

Table 1 reports average returns and volatility for the ESR-sorted decile portfolios described in

Section 3.5. Average VOL falls from about 96% per year in the lowest-ESR decile to about 36%
5The spread is broadly in line with the equal-weighted NN3 strategy of GKX in their Table A.9; residual differences

reflect the sample period and implementation.
6The attenuation reflects the later sample start and the absence of small, illiquid stocks, which carry much of the

predictability (e.g., Avramov, Cheng, and Metzker, 2023).
7We thank Andreas Neuhierl for sharing code and data. We use their sample of 62 stock characteristics as well as

their OOS period of 1991–2014 for comparability.
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Table 1: ESR-Sorted Stock Portfolios: Returns and Risk Characteristics

This table reports equal-weighted decile portfolios of stock returns and volatilities sorted on the expected stock return
(ESR), with the high-minus-low (H−L) portfolio in the last column for the respective out-of-sample period. ESRs are
built using the neural network model described in Section 3.5. All returns are in excess of the risk-free rate. Panel A
and E refer to the sample of all stocks. Panel B restricts the sample to optionable stocks. Panel C restricts the sample
to stocks where we can compute returns of high-yield bonds. Panel D restricts the sample to stocks where we can
compute returns of investment-grade bonds. For each panel, we report the average portfolio return (%, per month),
its t-statistic (t), average past stock return volatility (VOL), idiosyncratic volatility (IVOL), and, for options, also
implied volatility (IV). All volatilities are annualized and denoted in %.

Low 2 3 4 5 6 7 8 9 High H−L

A. All Stocks (OOS: 1987–2022)

RS −1.34 −0.20 0.22 0.50 0.65 0.78 0.87 1.11 1.37 2.56 3.90
(t) (−2.70) (−0.51) (0.72) (1.89) (2.72) (3.34) (3.75) (4.46) (4.93) (6.49) (12.01)
VOL 96.42 66.88 50.93 42.20 38.00 36.43 36.56 38.37 43.74 68.24
IVOL 83.75 57.26 43.26 35.47 31.59 30.02 30.02 31.64 36.90 60.65

B. Optionable Stocks (OOS: 2006–2022)

RS −0.63 0.40 0.58 0.65 0.69 0.77 0.87 0.85 0.93 1.19 1.82
(t) (−0.77) (0.66) (1.11) (1.41) (2.14) (1.76) (2.04) (1.94) (1.99) (2.13) (3.77)
VOL 74.17 49.57 40.22 35.60 33.94 34.52 35.73 37.97 42.04 52.23
IVOL 59.36 37.71 29.69 25.69 24.16 24.45 25.39 27.10 30.44 39.51
IV 73.04 53.40 44.38 39.54 37.59 37.79 39.25 41.38 45.38 56.71

C. High-Yield Bond-Matched Stocks (OOS: 2006–2022)

RS −0.25 0.71 1.02 0.99 0.87 0.87 0.92 0.99 1.03 1.89 2.14
(t) (−0.28) (1.20) (1.86) (2.00) (1.74) (1.77) (1.77) (1.87) (1.89) (2.58) (6.07)
VOL 72.13 45.85 38.19 35.04 34.32 34.91 35.99 38.46 41.68 52.59
IVOL 57.71 34.57 28.05 25.26 24.45 24.86 25.56 27.38 30.00 39.84

D. Investment-Grade Bond-Matched Stocks (OOS: 2006–2022)

RS 0.82 1.01 0.92 0.98 1.01 0.87 0.88 0.89 0.98 1.54 0.72
(t) (1.40) (2.40) (2.35) (2.70) (2.68) (2.19) (2.17) (2.22) (2.19) (2.65) (3.17)
VOL 46.53 29.64 27.59 27.57 27.90 28.77 30.18 31.72 34.71 42.69
IVOL 34.71 20.69 18.96 18.81 18.90 19.43 20.37 21.53 23.63 30.02

E. All Stocks, ESR from Adaptive Group LASSO of Freyberger et al. (2020) (OOS: 1991–2014)

RS 0.07 0.84 0.95 1.08 1.28 1.37 1.50 1.68 2.05 4.11 4.04
(t) (0.15) (2.20) (2.61) (3.10) (3.79) (4.06) (4.33) (4.68) (5.40) (7.27) (11.70)
VOL 71.29 53.37 48.87 46.73 45.79 46.01 47.13 49.43 55.26 89.05
IVOL 66.62 48.93 44.60 42.59 41.75 42.07 43.24 45.65 51.77 86.82
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in the middle deciles and then rises to 68% in the highest—stocks in both tails of the expected-

return distribution are substantially more volatile than those in the middle. IVOL traces the same

U-shape: from 84% to 30% and back to 61%. Figure 1 plots this relationship: volatility is high

at both ends of the ESR distribution and low in the middle. This volatility smile of expected

returns is the central empirical fact of our analysis. Importantly, these differences in VOL across

ESR deciles are far outside sampling error: and formal tests reject flatness in both directions, i.e.,

the decline from the low-ESR deciles to the middle and the rise from the middle to the high-ESR

deciles are each highly significant (for details, see Appendix A.2). The non-monotonic relationship

between ESR and VOL is not implied by standard frameworks. Were ESR and VOL unrelated,

the relation would be flat. A canonical risk-based factor model implies a monotonically increasing

relation, i.e., higher volatility implies higher expected returns, but only with respect to systematic

risk—yet the U-shape is equally strong in idiosyncratic volatility. Further, the IVOL puzzle of

Ang et al. (2006)—the result that more volatile stocks earn lower returns—implies a monotonically

decreasing relation.8

Strikingly, the data deliver none of these. Rather, the U-shape can be understood as a new an-

swer to the volatility-return puzzle documented in Ang et al. (2006). Unlike the negative volatility-

return relationship they document, our results show that both tails of the expected-return distribu-

tion are characterized by high volatility. Thus, the negative relationship posed in Ang et al. (2006)

is a one-dimensional projection of a two-dimensional object. We return to this in Section 4.4.

Figure 2 displays the full joint distribution of ESR and VOL. We sort all stocks independently

into ESR deciles and VOL deciles, and each cell reports the average share of firms that fall in

the corresponding ESR/VOL combination. Were the two unrelated, every cell would hold 1% of

firms. The realized density is far from uniform: middle-ESR firms concentrate in the low-VOL

cells, while the extreme ESR deciles are populated predominantly by high-VOL firms, so the mass
8A mispricing account does not deliver the U-shape either. The joint distribution of mispricing and volatility in

Stambaugh et al. (2015) (their Table I, Panel B, and our Figure IA.4) is, in effect, the mispricing counterpart of our
Figure 2. Reading overpricing as low expected return, their results shows a monotone relationship where ours shows
a U-shape.
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Figure 2: Joint Density of Expected Returns and Volatility

This figure displays the average share of stocks per month in each cell of a 10 × 10 independent double sort on the
expected stock return (ESR) and total volatility (VOL), for all CRSP stocks over the period from 1987–2022. ESRs
are built using the NN3 model described in Section 3.5. Darker colors refer to higher average share.
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is concentrated in the two high-VOL corners rather than along a single monotone ridge. In contrast,

stocks that combine low VOL with either very high or very low ESR are rare.

The U-shape is also not an artifact of a particular stock sample, sample period, volatility

measure, or estimation method: it appears similarly in the option- and bond-matched subsamples

and it holds across a range of shorter subsamples (Figure IA.5). We further document that the

U-shape result is robust to value-weighting (Table IA.13), alternative volatility measures such as

idiosyncratic volatility (Ang et al., 2006), or option-implied volatility, and it is equally strong when

replacing the GKX NN3-ESR with the adaptive group LASSO estimator of Freyberger et al. (2020).

Finally, since VOL is highly persistent, the pattern is not confined to formation-date mea-

sures because realized volatility over the subsequent holding month displays the same U-shape
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(Appendix A.2). Together with the forward-looking implied volatility this confirms that the VOL

identified by the ESR sort at formation is closely related to the VOL that materializes over the

holding period, and the VOL that option prices embed.

4.2 Is the U-Shape Mechanical?

Since the ESR is estimated, the U-shape could be, at least partly, mechanically induced through

two channels. First, many predictors are more dispersed for volatile stocks, and realized returns—

the training target—are noisier for these stocks as well. Prediction dispersion therefore increases

with volatility, thus pushing high-volatility stocks into both extreme ESR deciles even absent any

true relation. Second, several input characteristics exhibit their own U-shaped relationship with

volatility, a pattern that ESR could mechanically inherit.

Our results are inconsistent with the noise channel. If the extreme ESR deciles were populated

by noise, they would produce no dispersion in subsequent realized returns. Instead, the H–L spread

is 390 bps per month (Table 1). Noise could still generate a spread through composition, by pushing

volatile stocks into both extreme deciles. But the spread survives with VOL held fixed, and in fact

strengthens, reaching 533 bps within the highest-VOL quintile (Table 2, Panel A), precisely where

estimates are noisiest. Thus, composition cannot explain return differences among stocks with the

same volatility.

Neither argument establishes that volatility belongs in the tails. The predictability could come

from characteristics unrelated to volatility, with estimation error placing the volatile stocks at the

extremes. Our third argument closes this gap by letting volatility itself do the predicting. In Fama–

MacBeth regressions within ESR quintiles, VOL predicts returns positively among high-ESR and

negatively among low-ESR stocks (Figure 3 below). Estimation error cannot produce this pattern

because it would leave volatility uninformative about returns. Volatile stocks occupy the corners

because their ESRs are high or low, respectively, not because their estimates are noisy.

Two additional results sharpen this reading. First, a simulation study calibrated to our panel
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gauges the channel’s magnitude (Appendix B): re-running the identical estimation pipeline on

returns simulated with each stock’s empirical volatility but no predictability, estimation noise alone

produces a much weaker U-shape than in the data—and adding even half the empirically calibrated

predictability eliminates it. Second, the remaining effect of estimation error is classical: noise

misclassifies stocks—most severely the volatile ones, which are hardest to classify—blurring the

true assignment and attenuating the realized return spreads. From that perspective, the reported

structure is conservative.

We further document that the U-shape is not merely mechanically inherited from its inputs.

Among the top 15 stock return predictors, only a few individual characteristics—primarily versions

of momentum—indeed display U-shaped volatility profiles of their own, while other predictors fea-

ture either increasing, decreasing or ambiguous volatility profiles (Figure IA.3). Moreover, U-shaped

characteristics only contribute a fraction of the total predictability. Finally, the mispricing measure

of Stambaugh et al. (2015)—a simple average of eleven anomaly rankings, including momentum—

relates to volatility monotonically rather than in a U-shape (see Figure IA.4 and their Table I), thus

showing that an aggregate does not mechanically inherit the shape of its inputs. Hence, there is no

ex-ante presumption about what a flexible combination of many signals—some related to volatility

positively, some negatively, some in a U-shape—will produce.

4.3 Disentangling Expected Returns and Volatility

Because the U-shape ties ESR and VOL together, a univariate sort on either variable confounds

the other. To separate the two, we perform a dependent double sort: each month we sort all stocks

into a 5×5 grid—first into VOL quintiles, then into ESR quintiles within each VOL quintile. That

way VOL is held roughly fixed as ESR varies. Panel A of Table 2 reports the resulting average

excess returns.9 The double sort clearly shows the U-shape’s imprint on where predictability lives.

Holding VOL fixed, realized OOS returns increase monotonically in ESR within every quintile, but
9Table IA.22 shows that this procedure holds VOL roughly constant across ESR quintiles within each VOL

column—though not perfectly, given how tightly the two variables are linked.
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the H–L spread widens sharply with volatility, from 86 basis points per month in the lowest-VOL

quintile to 533 in the highest. Part of this gradient is composition: because extreme-ESR firms are

also more volatile, a low-VOL quintile offers little ESR dispersion to sort on, whereas the high-VOL

quintile contains both tails.

This distinguishes our pattern from the well-documented concentration of anomaly profits in

high-uncertainty or hard-to-arbitrage stocks.10 That literature typically fixes a signal and attributes

its higher profits among volatile stocks to frictions that impede arbitrage—a mechanism that oper-

ates overwhelmingly through the short, overpriced leg (Stambaugh et al., 2015). Our concentration

is instead two-sided: the long arm (3.29% per month in the high-ESR, high-VOL cell) is at least as

strong as the short arm in absolute terms (−2.04% in the low-ESR, high-VOL cell), and it follows

from the joint distribution of ESR levels and VOL rather than from any single variable.

4.4 Implications for the Volatility Anomaly

The U-shaped joint structure reframes the volatility anomaly of Ang et al. (2006), one of the most

contested anomalies in asset pricing. That high-volatility stocks earn low average returns—an

inversion of the usual risk–return trade-off—has generated a large literature disputing whether

the relation is even robust, with alternative measures, samples, and weighting schemes shown to

attenuate or eliminate it (e.g., Bali and Cakici, 2008; Fu, 2009; Han and Lesmond, 2011; Avramov

et al., 2013; Bekaert et al., 2025).11 We replicate the anomaly, but locate its fragility in the U-shape
10For individual signals: momentum (Zhang, 2006), accruals (Mashruwala, Rajgopal, and Shevlin, 2006), invest-

ment (Li and Zhang, 2010), long-term reversal (McLean, 2010), and equity issuance (Larrain and Varas, 2013); for
machine-learning composites, Avramov et al. (2023) show that strategy profits concentrate among microcaps and
other potentially hard-to-arbitrage stocks, and Hou, Xue, and Zhang (2020) show that many anomalies weaken out-
side microcaps. These prior findings are consistent with ours but neither imply nor are implied by it: they concern
signal efficacy and portfolio weighting, not the joint distribution of expected-return levels and volatility. Our result
is also not a microcap phenomenon: the concentration holds among optionable and bond-issuing firms (Panel A of
Table 5; Panel A of Table IA.16), where microcaps are largely excluded and typical limits to arbitrage are substan-
tially lower—and the survival of economically large ESR spreads in these samples itself contrasts with the conclusion
of Avramov et al. (2023) that machine-learning predictability is confined to hard-to-arbitrage segments.

11Fu (2009) reports a positive relation using EGARCH estimates of expected idiosyncratic volatility; Guo, Kassa,
and Ferguson (2014) show this result reflects a look-ahead bias in the volatility estimate (see also Bekaert et al.,
2025). Our finding of a positive volatility–return relation among high-ESR stocks is not subject to this critique: both
ESR and VOL are formed strictly out of sample, and the positive arm emerges from a conditional sort, not from
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Table 2: Returns from Dependent Double Sorts on ESR and VOL – All Stocks

This table reports average monthly excess returns (%) from a 5 × 5 dependent double sort of all stocks on VOL
and ESR for the period from 1987 to 2022. Columns correspond to volatility (VOL) quintiles, and rows correspond
to expected-stock-return (ESR) quintiles. ESRs are built using the neural network model described in Section 3.5.
Panel A sorts on VOL first and then on ESR within each VOL quintile. Panel B sorts on ESR first and then on
VOL within each ESR quintile. The bottom “H−L” row represents the high-minus-low ESR spread within each VOL
quintile, and the rightmost “H−L” column represents the high-minus-low VOL spread within each ESR quintile.
The corresponding VOL levels are reported in Table IA.22. t-statistics are in parentheses. ∗, ∗∗, and ∗∗∗ denote
significance at the 10%, 5%, and 1% levels.

ESR
VOL Low 2 3 4 High

A. Dependent Sort: first VOL, then ESR
Low 0.23 0.28 0.09 −0.63 −2.04***
2 0.42*** 0.74*** 0.60** 0.17 −0.81
3 0.59*** 0.86*** 0.83*** 0.61* 0.08
4 0.72*** 1.02*** 1.20*** 1.13*** 1.05**
High 1.09*** 1.40*** 1.83*** 2.11*** 3.29***
H−L 0.86*** 1.13*** 1.74*** 2.73*** 5.33***
(t) (8.70) (10.30) (11.46) (12.86) (13.88)

ESR
VOL Low 2 3 4 High H−L (t)

B. Dependent Sort: first ESR, then VOL

Low −0.34 −0.38 −0.51 −0.73 −1.90*** −1.56*** (−4.99)
2 0.29* 0.40 0.44 0.46 0.37 0.08 (0.22)
3 0.52*** 0.68*** 0.80*** 0.85*** 0.85** 0.33 (1.02)
4 0.75*** 0.92*** 0.99*** 1.11*** 1.29*** 0.54* (1.87)
High 1.21*** 1.51*** 1.80*** 2.28*** 3.07*** 1.86*** (4.46)

itself: the unconditional volatility–return relation is the net of two opposite-signed conditional ones.

Among low-ESR stocks, higher volatility comes with lower returns, as in Ang et al. (2006); among

high-ESR stocks, it comes with higher returns. Which of the two an unconditional volatility sort

picks up depends on how it blends the arms. Conditional on ESR, each arm is stable; only the

unconditional blend is fragile.

Panel B of Table 2, which sorts first on ESR and then on VOL within each ESR quintile, makes

re-estimating expected volatility.
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this point explicit: within the lowest-ESR quintile, moving from low- to high-VOL lowers average

returns by 156 basis points per month (t = −4.99)—the negative relation documented in Ang

et al. (2006). Within the highest-ESR quintile, the same move raises returns by 186 basis points

(t = 4.46)—a conventional risk–return tradeoff. In between, the relation is flat (H–L of 8 to 54

basis points, none significant at the 5% level). A univariate sort therefore averages a negative slope,

a positive slope, and a flat interior, and recovers whatever blend the sample composition happens

to deliver.

Through this lens, the instability reported in the literature is unsurprising. Projecting the same

two-dimensional object onto one axis under slightly different specifications recovers different blends

of the two tails: Bali and Cakici (2008) show the relation is sensitive to weighting, breakpoints,

and screens—attenuating, vanishing, or reversing accordingly.

The same limitation afflicts Fama–MacBeth regressions, the workhorse of this literature. A

linear cross-sectional regression fits a single slope to a relation whose sign changes across the ESR

distribution: it averages the two arms and is therefore structurally unable to detect a U-shape.

Figure 3 makes the consequence visible. The figure reports Fama–MacBeth slopes of monthly

excess returns on volatility, estimated across all stocks and separately within the bottom and top

ESR quintiles, for a range of volatility measures and subsamples. The unconditional slopes move

in and out of significance across specifications. The conditional slopes do not: they are negative

in the low-ESR quintile and positive in the high-ESR quintile throughout, with and without the

firm-level controls of Bekaert et al. (2025).12

The baseline replicates Ang et al. (2006): the unconditional slope is negative and significant for

both VOL and IVOL. It is also fragile in exactly the ways the literature documents. It becomes

insignificant under three alternatives: estimating idiosyncratic volatility from monthly returns over

the prior 36 months (IVOLm), as in Bali and Cakici (2008); replacing realized with expected

idiosyncratic volatility from an ARMA(1,1) model, Et(IVOLt+1), as in Bekaert et al. (2025); and
12The full set of coefficient estimates is reported in Table IA.4.
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Figure 3: Unconditional and Conditional Volatility-Return Relationship

This figure plots Fama and MacBeth (1973) regression coefficients for regressions of monthly excess stock returns
on various volatility measures, and for different subsamples, for all stocks over the period from 1987 to 2022. The
Y-axis label indicates different volatility measures and subsamples. Unless indicated otherwise, we use the baseline
IVOL measures described in Section 3. For more details regarding the measures and subsamples, see Section 4.4. The
dots denote point estimates, while the whiskers denote 95% confidence intervals, based on standard errors adjusted
for heteroscedasticity and autocorrelation (Newey and West, 1987) with four lags. We report results for all stocks,
and for the subsample of stocks within the first (low) and fifth (high) ESR quintile each month. The results labeled
“With controls” include the following additional control variables: CAPM-Beta, ln(Size), ln(market-to-book ratio),
relative share turnover and its standard deviation, short-term reversal and momentum.
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excluding each month the 1% of stocks with the highest Et(IVOLt+1), the screen Bekaert et al.

(2025) show suffices to eliminate the anomaly. Other, equally plausible screens leave it intact: the
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slope survives excluding small stocks and those with the most zero-trading days (Han and Lesmond,

2011). Specification choices thus move the unconditional relation in and out of significance—

precisely the instability that a blend of two opposite-signed arms predicts.

The conditional slopes behave very differently. The low-ESR slope is negative and the high-ESR

slope positive in every specification—neither arm ever flips sign—and both are significant in all but

one. The Et(IVOLt+1) measure is the starkest case: the unconditional relation is insignificant while

the conditional ones are intact. What these design choices move is the mix of the two arms, not the

arms themselves. The one exception is IVOLm, under which the low-ESR arm loses significance once

controls are included. That measure, however, drops roughly a fifth of the sample and forecasts

future volatility poorly.13 The intermediate ESR quintiles show no relation in any specification

(Table IA.4)—the flat interior of the double sort in regression form.

Stambaugh et al. (2015) document a related conditional sign flip: sorting stocks on a composite

mispricing score, they find the IVOL–return relation is negative among overpriced stocks and

positive among underpriced ones, an asymmetry they attribute to the greater difficulty of shorting.

Their structure differs from ours in two respects. First, the joint distribution behind their result

is monotonic rather than U-shaped: volatility falls steadily from the most overpriced to the most

underpriced portfolio (their Table I; Figure IA.4), so their volatile tail is the low-expected-return

one, with no counterpart to the upper arm we document. Second, the asymmetry runs the other

way: their negative relation is roughly four times the positive one, while ours is about 1.2 times the

negative (Table IA.4), placing the dominant arm exactly where arbitrage asymmetry requires the

weak one.14 The mechanism also has little bite in our setting: short-sale impediments underpin it,
13Its return-history requirement excludes roughly 20% of stocks—disproportionately young, volatile firms from

the tails of the U-shape—and the long window buys no forecasting power in return: it predicts future idiosyncratic
volatility worse than last month’s value alone. Pooled correlations with realized idiosyncratic volatility in the following
month are 0.59 for the 36-month average, 0.61 for the prior month’s value, and 0.63 for the ARMA(1,1) forecast of
Bekaert et al. (2025). Both features work against detecting a relation under this measure.

14The comparison is indicative: their estimates are three-factor alphas of portfolios sorted on a mispricing score
over 1965–2011, ours Fama–MacBeth slopes within ESR quintiles over 1987–2022. The reversal does not hinge on
these choices—it appears, more mildly, in raw portfolio sorts (186 versus 156 basis points per month; Panel B of
Table 2).
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yet the U-shape holds among optionable and large stocks, where such constraints are weakest, and

both arms survive excluding the most over- and underpriced stocks (see Figure 3). None of this

adjudicates risk versus mispricing—ESR and their score have an average rank correlation of 0.37,

and our transmission results do not require taking a stand—but the sharp predictions of arbitrage

asymmetry, about which arm dominates and where the structure resides, are not borne out.

4.5 Potential Explanations for the U-Shaped Relationship

What economic forces generate the U-shape? We consider two natural candidates—exposure to

priced risk factors and firm leverage—and find that each accounts only partially for the structure.

4.5.1 A Factor Model Interpretation

In principle, exposure to priced risk factors could generate both arms of the U-shape. The upper

arm is the textbook case: stocks with large loadings on priced factors carry both high expected

returns and high volatility. The lower arm is more demanding. For high volatility to accompany

low expected returns through a risk channel, the exposures must carry negative premia. Thus, the

volatile low-ESR stocks would have to be hedge assets, with negative expected excess returns.

The data offer little support for this account, and the estimated Fama-French five-factor loadings

show why (Table IA.3). Market and size exposures are U-shaped across ESR deciles, which helps to

rationalize the volatility pattern but implies high expected returns in both tails. The only exposures

pointing toward low expected returns in the low-ESR tail are profitability and investment: both

loadings are strongly negative there and rise toward zero across the deciles, identifying the low-

ESR tail as small, unprofitable, aggressively investing firms—the familiar profile of distressed and

lottery-like stocks (Avramov et al., 2013). Quantitatively, however, these tilts fall far short: the

loadings still imply a positive expected excess return for the lowest decile, whose realized return is

negative, so alphas run monotonically across the deciles and the five-factor model absorbs less than

a tenth of the raw H–L spread. Finally, the U is equally pronounced in idiosyncratic volatility,
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which factor exposures neither price nor restrict: the sharpest version of the pattern lies outside

the factor channel altogether.

4.5.2 Relation to Firm Leverage

A large literature emphasizes the role of leverage in shaping equity volatility: a decline in eq-

uity value raises the debt-to-equity ratio and mechanically increases equity volatility (Black, 1976;

Christie, 1982)—a channel Choi and Richardson (2016) confirm using market values of debt, and

that, as Doshi et al. (2019) show, induces pronounced heteroskedasticity that unlevering removes.

Leverage can also generate a U-shape. Because equity is a call on the firm’s assets, its elasticity

scales the asset premium and asset volatility by the same factor. A levered firm whose assets earn

a positive premium therefore appears with both a high expected equity return and high equity

volatility; a levered firm whose assets earn a negative premium appears with a low expected return

and, equally, high volatility. Leverage pushes firms outward in both directions at once, leaving un-

levered firms in the middle. What it cannot do is set the sign: elasticity is positive, so no amount

of leverage turns a firm with a positive asset premium into a low-ESR firm. Leverage could explain

why the lower arm is volatile, not why firms with negative expected returns exist in the first place.

Consistent with this, leverage—the face value of debt over the market value of equity—co-moves

strongly with volatility across the ESR–VOL grid (Table IA.8).

To assess the channel directly, we construct de-levered asset quantities: we apply the model of

Merton (1974) to unlever stock returns, following the approach of Doshi et al. (2019), and compute

asset volatility. We then use the NN3 network and the procedure of Section 3.5 to estimate expected

asset returns (EAR), for all stocks and subsamples (see Appendix C for more details).

Figure 4 shows the joint distribution of EAR and asset volatility. For the full cross section,

de-levering removes most of the structure visible in Figure 2: the concentration of extreme-EAR

firms in the high-volatility cells largely disappears. The results among the optionable and the

bond-matched sample are similar, albeit slightly weaker (see Figure IA.6). To quantify the change,
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when we repeat the Fama–MacBeth regressions of Section 4.4 with asset returns and asset volatility,

we find a positive unconditional relationship. Moreover, when we condition on EAR, the positive

relationship in the upper quintiles remains, while the negative relationship in the low-EAR quintile

is sharply attenuated: it retains only marginal significance without controls and loses it once controls

are added (details in Table IA.5).

We conclude that leverage accounts for a large part of the U-shape in the broad cross section.

This finding is consistent with a broader pattern documented in Wang (2026), who shows that

building the same set of characteristics-managed factors from asset returns instead of stock returns

collapses the optimal factor model from 88 factors to just 5. This suggests that much of the cross-

sectional variation attributed to stock-level characteristics reflects the mechanical transformation

leverage imposes on asset returns, rather than fundamental risk. Note that because options are

priced on equity volatility and the anomaly is defined on equity returns, the equity-level joint

distribution remains the relevant object for our cross-asset tests.

Volatility alone, however, cannot generate the assignment of volatile stocks to the two tails: as a

single predictor, its marginal effect in these models is weak and, if anything, negative, resembling the

unconditional anomaly (see, e.g., Figure 1 of Freyberger et al. 2020, and Figure 6 of GKX). The two-

sided structure must therefore arise from interactions of volatility with other characteristics—one

more instance in which a one-dimensional view, here the marginal effect, conceals a two-dimensional

object. Identifying which interactions carry this information is difficult in a neural network and

beyond the scope of this paper.

5 Risk Premia Across the Capital Structure

In this section, we rely on a Black–Scholes–Merton (BSM) framework to derive how the expected

return µ and the volatility σ of an underlying asset map into the expected returns of the claims

26



Figure 4: Dependence Between Expected Asset Return and Asset Volatility

This figure shows the average fraction of firms per month in each portfolio for a 10×10 independent double sort on
expected asset return and asset volatility for the sample of all stocks from 1987 to 2022.
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written on it—a firm’s equity, options on its stock, and its corporate debt.15

5.1 Risk Premia and Elasticity

The underlying assets A follow a geometric diffusion under the physical measure,

dAt

At
= µdt+ σ dWt. (4)

The price V of a claim on A is pinned down by no-arbitrage and is independent of µ, whereas its

expected payoff is not. For ease of notation, we drop the time subscript. The claim’s expected
15The underlying for options is the stock, while for equity and corporate debt it is the firm’s assets. We abstract

from the compound-option structure by which a stock option is a claim on equity, which is itself a claim on assets
(Geske, 1979); this layering does not affect the comparative statics below.
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excess return is the underlying’s risk premium scaled by its elasticity

E[R]− rf = Ω (µ− rf ), Ω ≡ ∂V

∂A

A

V
, (5)

where rf denotes the continuously compounded risk-free rate. Because the price V , and hence the

elasticity Ω, does not depend on µ, the comparative statics with respect to µ and σ follow in closed

form:
∂E[R]
∂µ

= Ω,
∂E[R]
∂σ

= ∂Ω

∂σ
(µ− rf ),

∂2E[R]
∂σ ∂µ

= ∂Ω

∂σ
. (6)

The sensitivity to µ is the elasticity itself. The signs therefore depend only on Ω and ∂Ω/∂σ, which

differ across claims: a call has ΩC ≥ 1 and ∂ΩC/∂σ < 0; a put has ΩP < 0 and ∂ΩP /∂σ > 0;

and risky debt has 0 < ΩB < 1 and ∂ΩB/∂σ > 0 if and only if the issuer is forward solvent, i.e.,

the forward value of its assets exceeds the face value K of its debt maturing in τ : Aerf τ > K

(Section F.3). Table 3 collects the implied signs.

Volatility enters expected returns only through the elasticity, since both the price V and its

sensitivity ∂V/∂A depend on σ. Higher volatility lowers a call’s elasticity: it raises the option

premium, so the same exposure to the underlying is bought at a higher price and the call becomes

less levered; in the limit it behaves like the underlying (as σ tends to infinity, ΩC = 1). The put

essentially has all signs reversed relative to the call.

Risky debt is structurally different. In the model of Merton (1974), the bondholder holds a

riskless bond and is short a put on the firm’s assets, which gives the bond a positive but sub-

unit elasticity (0 < ΩB < 1) and makes its value concave in asset value. Higher asset volatility

therefore makes default—and the embedded short put—more relevant, and the bond’s elasticity

rises (∂ΩB/∂σ > 0). The channel vanishes as the bond approaches risk-free and changes sign

exactly at the forward-solvency boundary Aerf τ = K: in deep distress the bond nears its elasticity

bound ΩB = 1 and behaves like the assets themselves, so that additional volatility mainly inflates

the equityholders’ call and pulls the bond’s elasticity back down. Volatility thus shapes expected
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Table 3: Elasticity and the Transmission of Expected Returns Across Claims

The signs of the comparative statics of each claim’s expected return in the Black–Scholes–Merton model, from
Equation (6). †The bond signs hold for forward-solvent issuers (Aerf τ > K); see the text.

∂ E[R]/∂σ

Ω = ∂ E[R]/∂µ µ > rf µ < rf
∂2E[R]
∂σ ∂µ

Call ≥ 1 − + −
Put < 0 + − +
Bond† ∈ (0, 1) + − +

returns through two distinct channels: the level effect, ∂E[R]/∂σ = (∂Ω/∂σ)(µ−rf ), which reverses

sign at µ = rf ; and the sensitivity to µ, the cross-partial ∂Ω/∂σ.

From instantaneous to hold-to-maturity returns. The relations in (6) are instantaneous,

whereas we empirically study holding-period returns. For options, Hu and Jacobs (2020) show that

the signs of ∂ E[R]/∂σ carry over to arbitrary holding-period returns (including to maturity).16 For

bonds, Section F.3 shows that both the level effect and the cross-partial carry over to holding-period

returns provided the issuer is more likely than not to survive to maturity, under both the physical

and the risk-neutral measure—a mild strengthening of forward solvency. The condition is slack for

investment-grade and typical high-yield issuers and fails only deep in distress.

Figure 5 illustrates these comparative statics at the hold-to-maturity horizon. For each claim,

expected returns move monotonically in µ, and volatility—a first-order determinant of expected

option returns even holding µ fixed (e.g., Galai and Masulis, 1976; Hu and Jacobs, 2020; Aretz

et al., 2022)—acts exactly as Table 3 prescribes. The low- and high-σ curves cross at µ = rf , where

the level effect flips sign, and higher σ flattens the expected-return line for calls and puts while

steepening it for bonds.
16Hu and Jacobs (2020) prove this for µ > rf ; Proposition 1 in the Appendix extends it to the µ < rf case, where

the sign reverses, so the volatility level effect flips at µ = rf .
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Figure 5: Expected Call, Put, and Bond Returns as a Function of µ and σ

This figure displays the expected excess returns of calls, puts, and bonds in the Black–Scholes–Merton model as a
function of the underlying’s expected return µ for low and high volatility. For the options we set stock volatility to
σ = 15% and σ = 80% p.a., respectively, while time to maturity is fixed at one month, the risk-free rate at 2% p.a.,
and K/S = 1. For the bond, we use the Merton structural model, in which the firm’s risky debt equals a risk-free
bond minus a put on the firm’s assets. Here µ and σ refer to the expected return and volatility of the firm’s assets:
we set σ = 15% and 30% p.a., the face value of debt to 70% of current asset value (K/V = 0.7), the bond maturity to
five years, and the risk-free rate to 2% p.a. Because the bond’s horizon differs from that of the options, its expected
excess return is annualized and is measured relative to the risk-free rate of the same maturity.
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5.2 Offsetting versus Amplifying Volatility Effects

Collecting the comparative statics: the expected return of every claim on the firm is governed by the

same two primitives of the underlying—its expected return and its volatility—and the central object

in this mapping is the cross-partial ∂2E[R]/∂σ ∂µ, whose sign is claim-specific (Table 3): negative

for calls, positive for puts and bonds. Volatility is thus not a nuisance parameter surrounding

expected returns: it sets the exchange rate at which an expected-return signal in the underlying

converts into the expected returns of every claim written on it, and that exchange rate moves

in opposite directions for options and bonds. The U-shaped relationship between ESR and VOL

makes this interaction particularly important in both tails: high VOL accompanies extreme ESR

on either side of the sign flip at µ = rf , and because both forces reverse sign together on the

low-ESR leg, the offset for calls—and the reinforcement for bonds—operates symmetrically in the
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two tails, with puts behaving as calls with every sign reversed.17 This single object organizes the

paper’s findings: compression of the ESR–option relation, amplification of the ESR–bond relation

concentrated near default, and, within equity itself, the sign-flipping conditional volatility–return

relation documented in Section 4.4.

These two primitives, however, cannot be varied independently in the data. A univariate sort

on expected stock returns—the natural test of whether expected-return information reaches options

and bonds—simultaneously moves σ, confounding the very link it is meant to isolate. Recovering

the transmission therefore requires decoupling expected returns from volatility: comparing claims

with different µ but the same σ, which is what the double sorts in Sections 6 and 7 are built to do.

6 Implications for Option Returns

Options have long been viewed as an attractive vehicle for taking directional positions because

their embedded leverage can magnify returns to accurate forecasts (Black, 1975). In this section,

we show that sorting options on ESR earns no more than naive option positions and that this

disconnect is resolved once we control for VOL. We document that because high-ESR stocks are

predominantly high-VOL, options are most expensive precisely where ESRs are most extreme, thus

leaving little scope to harvest the equity premia through option positions.

6.1 Options Sorted on Expected Stock Returns

Table 1, Panel B confirms that our OOS ESR estimates carry economically meaningful information

in the optionable sample. Sorting optionable stocks into ESR deciles each month, realized returns

are nearly monotonic in ESR rank, and the high-minus-low (H–L) portfolio earns 184 bps per month

at an annualized Sharpe ratio of 1.64. This is a strong spread, more than 2.6 times the respective

“market” (i.e., average optionable stock) return over the same period.
17In models with a variance risk premium, VOL also affects the variance risk compensation of the option (Schlag

and Sichert, 2026); as long as this channel is unrelated to the level of ESR, it does not affect our results.
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The BSM framework in Section 5 predicts how the ESR signal should transmit to options.

Because option prices are independent of the underlying’s expected return, any ESR-driven varia-

tion in option returns must operate through expected payoffs. That is, a call inherits the stock’s

premium scaled by its elasticity, with ΩC ≥ 1. Therefore, absent any co-movement with VOL, an

ESR sort should amplify rather than dissipate the stock spread.

To test this prediction, each month we sort calls and puts into deciles on the ESR of the

underlying stock and form the corresponding H–L portfolios. Table 4 shows that the predicted

amplification fails to materialize. The ESR-sorted call H–L strategy earns 8.02% per month—

almost exactly the 8.03% average call return of a naive benchmark that requires no information at

all. What is more, the ESR-sorted call returns are not monotonic, but hump-shaped in ESR, with

the middle portfolios outperforming the extreme deciles and thus the H–L strategy. Therefore, an

investor does better buying mid-ESR calls indiscriminately rather than trading the ESR signal. We

document the same effect for put options: the H–L spread of −9.79% roughly matches the average

put return of −8.93%, so the profitable direction of the trade (shorting the spread) earns no more

than its uninformed counterpart, selling the average put.18

This directional information that is so powerful in stocks is thus largely dissipated once routed

through options. Importantly, this is not simply an artifact of a lack of comovement as individual

stock and ATM call returns have a correlation of 0.69 (0.73 for ESR-sorted stock and option

portfolios), so options track their underlyings closely. The weak spread therefore points to how

options are priced. The next subsection traces this result to the co-movement of ESR and VOL,

which—exactly as the theory of Section 5 predicts—offsets the transmission for options.
18The H–L portfolios do carry higher Sharpe ratios than the option markets (0.80 and 0.92 versus 0.46 and 0.30

for calls and puts, respectively), but the comparison mixes construction effects: any long–short position nets out the
large common component of option returns (portfolio volatilities of 35–37% versus 61–104%). The clean comparison
holds the signal fixed and varies the vehicle: the same ESR signal implemented in the underlying stocks earns a
Sharpe ratio of 1.64, twice that of its option implementation.
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Table 4: ESR-Sorted Option Returns

This table reports average at-the-money call (Panel A) and put (Panel B) option portfolio returns, sorted by expected
stock return based on the neural network model described in Section 3.5 for the period from January 2006 to December
2022. Sharpe ratios (SR) are denoted in annual terms. Absolute t-statistics (t) are reported in parentheses. All
portfolios are equally-weighted. Returns are denoted in % per month. *, **, and *** indicate statistical significance
at the 10%, 5% and 1% levels.

Low 2 3 4 5 6 7 8 9 High H–L Market

A. Returns: ATM Call
Mean −0.61 5.89 6.42 10.02 ∗∗ 13.67 ∗∗∗ 10.66 ∗∗ 9.70 ∗∗ 9.30 ∗∗ 7.90 ∗ 7.41 ∗∗ 8.02 ∗∗∗ 8.03 ∗

(t) (0.14) (1.25) (1.45) (2.10) (3.09) (2.41) (2.15) (2.10) (1.73) (2.13) (3.31) (1.91)
SD 60.09 59.98 59.35 65.53 65.74 64.91 66.53 66.00 67.54 64.34 34.90 61.19
SR −0.04 0.34 0.38 0.53 0.72 0.57 0.51 0.49 0.41 0.40 0.80 0.46

B. Returns: ATM Put
Mean −0.80 −6.00 −6.69 −10.60 −9.25 −11.91 ∗ −10.80 −12.27 ∗ −10.33 −10.59 ∗ −9.79 ∗∗∗ −8.93
(t) (0.14) (1.02) (0.97) (1.52) (1.24) (1.73) (1.62) (1.91) (1.62) (1.87) (3.54) (1.43)
SD 84.03 101.54 114.56 120.15 122.18 113.45 110.77 104.08 103.45 92.84 36.80 104.17
SR −0.03 −0.21 −0.20 −0.31 −0.26 −0.36 −0.34 −0.41 −0.35 −0.40 −0.92 −0.30

6.2 The Confounding Role of Stock Volatility

Volatility drives the offset, for two reasons. First, expected stock returns and volatility co-move:

Panel B of Table 1 shows that volatility is U-shaped in ESR, with the extreme deciles nearly twice

as volatile as the middle deciles. Second, volatility is a first-order, and offsetting, determinant

of option returns. Hu and Jacobs (2020) and Aretz et al. (2022) show both theoretically and

empirically that, holding the underlying’s expected return fixed, expected hold-to-maturity call

returns decrease in volatility (for µ > rf ; the sign reverses below, see Section 5), reflecting the

elasticity channel ∂ΩC/∂σ < 0.19

Together, the two facts squeeze the cross-section of expected call returns from both ends. Op-

tions on high- and low-ESR stocks alike carry high prices (implied volatilities). Therefore, by the

sign flip at µ = rf established in Section 5, VOL compresses the return spread: high-ESR returns

(µ > rf ) are pulled down and otherwise-negative low-ESR returns (µ < rf ) are pushed up to-

ward zero. The result is the hump-shaped pattern of call returns across ESR deciles documented
19Theoretically, the relevant quantity is the idiosyncratic component of volatility—the part unrelated to expected

returns (Hu and Jacobs, 2020; Aretz et al., 2022)—but empirically IVOL is almost perfectly correlated with VOL, so
we use VOL throughout. The ESR–VOL relation holds for either measure.
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in Table 4. This volatility heterogeneity is largely immaterial for diversified stock portfolios but

first-order for options.

Figure 5 illustrates expected call returns as a function of the underlying’s expected return,

drawn separately for low- and high-volatility stocks. An investor would like to move along the

low-volatility line, where expected call returns rise steeply in µ. This is because options on low-

VOL stocks are cheap and highly levered, so even a modest ESR spread would map into a large

EOR spread. The U-shape empties precisely this trade—low-VOL stocks cluster in the middle of

the ESR distribution, so the steep line is populated only where there is almost no ESR dispersion

to sort on. The large ESR spreads live on the high-volatility line, which is nearly flat because

high volatility makes options expensive and erodes their leverage. The investor needs steepness

and dispersion together, and the cross-section never supplies both: where the line is steep there is

nothing to sort on, and where there is plenty to sort on the line is flat.

ESR and VOL are too tightly linked for an independent double sort—the informative low-

VOL/high-ESR cell is nearly empty—so, as in the equity cross section (Section 4.3), we sort de-

pendently, first on volatility into quintiles and then on ESR within each quintile. Table 5 reports

the result. Panel A shows that, as in the full cross section, stock-level predictability rises steadily

with volatility. Specifically, the ESR spread grows from an insignificant 16 basis points per month

in the lowest-VOL quintile to 221 basis points (t = 5.61) in the highest. Panel B confirms that

the dependent sort holds volatility roughly fixed across ESR quintiles within each column—except

among the most volatile stocks, where low-ESR firms remain substantially more volatile, a residual

spread we return to below.

A de-levering exercise points the same way. Following Fournier et al. (2024), we delever option

returns (see Section A.5 for details) and repeat the ESR sort. The de-levered option returns are

much closer to monotonic in ESR (Table IA.9). The exercise is a diagnostic rather than a trading

strategy, but it pins down the interpretation of the weak raw sort: once leverage is stripped out,

the option market reflects ESR just as the stock market does.
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Table 5: Dependent Double Sorts on ESR and VOL – Optionable Stocks and Options

This table reports results from dependent double sorts on the expected stock return (ESR) and total volatility (VOL)
for the period from 2006 to 2022. ESRs are built using the neural network model described in Section 3.5. Columns
refer to VOL quintiles and rows refer to ESR quintiles. We first sort on VOL and then on ESR. Panel A reports
average stock excess returns and Panel B average VOL, both for the sample of optionable stocks. Panel C reports
average ATM call excess returns and Panel D average ATM put excess returns. t-statistics (in parentheses) are
adjusted for heteroscedasticity and autocorrelation (Newey and West, 1987) with four lags. Returns are in % per
month; volatilities are annualized, in %. ∗∗∗, ∗∗, and ∗ indicate statistical significance at the 1%, 5%, and 10% level,
respectively.

ESR
VOL Low 2 3 4 High Low 2 3 4 High

A. Returns: Optionable Stocks B. VOL: Optionable Stocks

Low 0.63∗∗ 0.63 0.41 0.06 −1.24 19.04∗∗∗ 28.08∗∗∗ 36.23∗∗∗ 47.49∗∗∗ 89.66∗∗∗
2 0.74∗∗ 0.90∗∗ 0.90∗ 0.57 0.25 19.07∗∗∗ 27.86∗∗∗ 35.80∗∗∗ 46.70∗∗∗ 77.59∗∗∗
3 0.81∗∗∗ 0.82∗∗ 0.83∗ 0.53 0.48 19.36∗∗∗ 27.91∗∗∗ 35.75∗∗∗ 46.39∗∗∗ 74.03∗∗∗
4 0.82∗∗ 0.95∗∗ 0.95∗∗ 0.86 0.45 19.74∗∗∗ 28.11∗∗∗ 35.86∗∗∗ 46.39∗∗∗ 72.84∗∗∗
High 0.80∗∗ 1.03∗∗ 1.12∗∗ 1.07∗ 0.96 20.47∗∗∗ 28.38∗∗∗ 36.14∗∗∗ 46.83∗∗∗ 74.78∗∗∗

H–L 0.16 0.40∗∗ 0.71∗∗ 1.01∗∗∗ 2.21∗∗∗ 1.42∗∗∗ 0.29∗∗∗ −0.10 −0.65∗∗∗ −14.88∗∗∗
(t) (1.14) (2.32) (2.44) (2.62) (5.61) (10.61) (6.39) (−1.45) (−5.29) (−12.06)
SR 0.26 0.61 0.77 0.81 1.51

C. Returns: ATM Call D. Returns: ATM Put

Low 10.99∗∗ 8.52∗ 9.55∗∗ 4.56 −5.53 −1.65 −6.00 −1.98 2.10 −3.73
2 14.23∗∗∗ 12.61∗∗ 11.29∗∗ 4.08 1.31 −10.71 −11.54 −9.75 −6.91 −8.43
3 15.65∗∗∗ 11.83∗∗ 9.21∗ 4.79 0.82 −13.62 −12.59∗ −10.63 −8.60 −8.07
4 15.70∗∗∗ 12.80∗∗∗ 11.13∗∗ 3.34 −1.18 −10.89 −12.54 −11.34 −9.11 −12.44∗∗
High 14.45∗∗∗ 11.81∗∗ 9.45∗∗ 5.95 3.32 −11.86 −12.95∗ −9.68 −11.16∗ −8.98∗

H–L 3.46 3.29 −0.10 1.39 8.86∗∗∗ −10.21 −6.95∗∗ −7.70∗∗ −13.25∗∗∗ −5.25∗
(t) (1.05) (1.01) (−0.03) (0.52) (3.06) (−1.39) (−2.30) (−2.21) (−3.71) (−1.85)
SR 0.27 0.29 −0.01 0.12 0.80 −0.34 −0.59 −0.59 −1.07 −0.48

Against this benchmark, Panel C shows that the calls transmit only at the top because the

ESR-sorted call spread is insignificant in the four lower quintiles and reaches 8.86% per month

(t = 3.06) among the most volatile stocks. This is precisely where the theory predicts it, yet the

victory is pyrrhic. While the spread does amplify the stock signal roughly fourfold, the amplification

comes at the price of far higher volatility. In particular, its Sharpe ratio is about half that of the

corresponding within-quintile stock strategy (0.80 vs. 1.51) and the raw magnitudes are sobering:

the 8.86% spread is below the 11–16% average returns earned by simply holding low-VOL calls

(first column of Panel C)—positions requiring no signal at all. The strategies differ in risk and
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financing, so the sharper comparison is risk-adjusted: the spread’s Sharpe ratio is roughly half

that of the corresponding within-quintile stock strategy (0.80 vs. 1.51). Exactly where an investor

would want to exploit the leverage-based amplification, the co-movement of ESR and VOL renders

it unattractive: the returns amplify, but the risk amplifies faster. Consequently, options are a poor

vehicle for trading predictable stock returns; the embedded leverage that should reward a correct

forecast is spent on the volatility that accompanies it.

Panel D reports the corresponding put spreads, which carry the predicted negative sign in

every volatility quintile. The contrast between the two option types is most pronounced in the top

quintile, where the ESR sort still induces a sizable residual volatility spread (Panel B) and volatility

acts on calls and puts asymmetrically: for calls, its equity-exposure and variance-premium effects

compress returns in the same direction, whereas for puts the two channels offset (Schlag and Sichert,

2026).20

7 Implications for Corporate Bond Returns

We now turn to the second application of the theory: corporate bonds. The structural model

predicts that volatility amplifies the transmission of expected-return information to bonds—the

opposite of its offsetting role for options—and that the amplification is concentrated in bonds with

substantial default risk. This is what we find: the pattern appears among high-yield bonds and is

absent among investment-grade bonds, which serve as a placebo.21

20Appendix Tables IA.20 and IA.21 report VOL−IV for the double sorts. The ESR H–L differences in VOL−IV
are small relative to the level of implied volatility and carry no consistent sign across volatility quintiles, so they do
not line up with ESR in the way a variance-risk-premium channel would require. Moreover, the high-VOL quintile is
the only group where VOL on average exceeds IV—options on the most volatile stocks are, if anything, cheap relative
to realized volatility—so the compression we document is not driven by cross-sectional variation in the variance-risk
premium.

21Within a volatility quintile, leverage is also roughly constant (Table IA.7), so sorting on ESR preserves the
ranking of the issuers’ asset premia. Results for unlevered asset returns corroborate this: the yield-spread coefficients
remain highly significant, while the bond-return coefficient carries the same sign but loses significance once controls
are added (Table IA.17).
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Table 6: ESR-Sorted Returns – High-Yield Corporate Bonds

This table reports average portfolio excess returns for high-yield corporate bonds (RB) sorted on the expected
stock return (ESR) of the issuing firm for the period from 2006 to 2022. ESRs are built using the neural network
model described in Section 3.5. We further report portfolio volatility, average rating, average credit spread over
duration-matched Treasury yield in %, average maturity in years, average bond duration in years, as well as the
average yield-to-maturity (YTM) in percent. t-statistics (in parentheses) are adjusted for heteroscedasticity and
autocorrelation (Newey and West, 1987) with four lags. ∗, ∗∗, and ∗∗∗ denote significance at the 10%, 5%, and 1%
levels.

Low 2 3 4 5 6 7 8 9 High H−L

RB −0.12 0.16 0.31 0.32 0.36 0.30 0.27 0.36∗ 0.36 0.38 0.49∗∗
(t) (−0.25) (0.55) (1.29) (1.48) (1.58) (1.42) (1.26) (1.69) (1.38) (1.22) (2.03)
SD 5.01 3.29 2.76 2.63 2.70 2.44 2.43 2.59 3.06 3.19

Rating 15.67 14.50 14.01 13.71 13.59 13.51 13.55 13.62 13.76 14.46
Credit Spread 9.88 6.49 5.48 5.08 4.91 4.77 4.81 5.01 5.31 6.60
Maturity 5.68 6.22 6.39 6.63 6.63 6.62 6.48 6.42 6.28 5.89
Duration 4.37 4.85 5.04 5.19 5.20 5.21 5.12 5.06 4.96 4.59
YTM 12.02 8.70 7.71 7.36 7.17 7.04 7.06 7.24 7.52 8.75

7.1 Bonds Sorted on Expected Stock Returns

We begin with the bond analog of the unconditional option sort. Each month we sort high-yield

corporate bonds into deciles on the ESR of the issuing firm. Table 6 shows that, in contrast to

options, a modest unconditional spread does come through: the H–L portfolio earns 49 bps per

month (t = 2.03), which clearly exceeds the average bond return. The bond-level characteristics

also reveal the familiar confound: bond volatility, credit spreads, and yields are all U-shaped in

ESR—markedly asymmetrically, with low-ESR issuers by far the riskiest (bond volatility of 5.0%

versus 2.4% in the middle deciles; credit spreads of 9.9% versus 4.8%). At the same time, duration

and maturity are close to flat across deciles, indicating that the pattern is not a term-structure

artifact. The volatility confound is therefore present in the bond cross-section as well, but with the

opposite consequence. Because volatility raises rather than lowers a bond’s sensitivity to the issuer’s

prospects, it reinforces the ESR signal instead of offsetting it—which is why a spread survives here

without conditioning on volatility, as Section 5 predicts.
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7.2 The Amplifying Role of Volatility

The structural BSM arguments above predict that the ESR–bond-return relation strengthens with

volatility.22 Table 7 confirms this. Sorting first on VOL and then on ESR within each VOL

quintile23, the ESR–bond-return spread is negative and insignificant in the lowest-VOL quintile

(−13 bps, t = −1.64), positive though uneven across the interior quintiles, and largest among the

most volatile issuers, at 67 bps per month (t = 2.30); the GRS test rejects jointly zero spreads

(F = 5.14, p < 0.001). Volatility amplifies the transmission of expected-return information to

bonds. The magnitudes are themselves consistent with the mechanism: the top-quintile bond spread

is roughly a fifth of its stock counterpart (67 versus 326 bps), in line with the sub-unit elasticity

of debt to firm value—and not with a lack of comovement, since ESR-sorted bond portfolios track

their matched stock portfolios with an average return correlation of 0.53.

Investment-grade bonds provide a placebo. Far from the default boundary, their elasticity to

firm value is near zero, so the same equity signal should not transmit—and it does not. The

matched stocks carry significant ESR predictability, again concentrated in the high-VOL quintile

(H–L of 138 bps, t = 3.75), yet the bond spreads are close to zero in every VOL quintile, and the

GRS test does not reject that they are jointly zero (F = 1.13, p = 0.35; see Table IA.19). Among

investment-grade issuers, predictability is present in the stock and absent in the debt.

8 Corroborating Evidence and Robustness

In this section, we present corroborating evidence for the comovement of VOL and ESR, the

volatility channel and address alternative explanations for our findings.
22The amplification requires the default probability condition of Section 5. Where it fails—among the most dis-

tressed issuers and in crisis periods—the sign can reverse, so pooling those observations attenuates the amplification
we document rather than generating it.

23Table IA.16 shows that this procedure keeps VOL approximately constant across ESR quintiles within each VOL
quintile.
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Table 7: Dependent Double Sorts on ESR and VOL — High-Yield Corporate Bonds

This table reports average monthly excess returns (in % per month) from a 5× 5 dependent double sort of high-yield
corporate bonds for the period from 2006 to 2022. ESRs are built using the neural network model described in
Section 3.5. Columns refer to VOL quintiles and rows refer to ESR quintiles. We first sort on VOL and then on ESR.
Returns are denoted in % per month. The GRS test (with p-value) is reported for the joint set of ESR H−L-spreads.
t-statistics (in parentheses) are Newey–West (1987) adjusted with four lags. ∗∗∗, ∗∗, and ∗ denote significance at the
1%, 5%, and 10% levels.

ESR
VOL Low 2 3 4 High H−L GRS-Test

Low 0.29∗ 0.16 0.05 0.17 −0.13 -0.42 (−0.82) 3.85 (0.00)
2 0.31∗∗ 0.20 0.27 0.34 0.05 -0.26 (−0.59)
3 0.26∗ 0.27 0.36 0.35 0.40 0.14 (0.41)
4 0.22 0.26 0.24 0.39 0.41 0.19 (0.56)
High 0.17 0.31 0.41∗ 0.30 0.54 0.37 (1.12)

H−L −0.13 0.15∗∗ 0.36∗∗∗ 0.14 0.67∗∗
(−1.64) (2.14) (3.54) (0.53) (2.30)

GRS-Test 5.14 (0.00)

8.1 Expected Stock Returns Predict Prices, Not Returns

Under standard no-arbitrage valuation, a claim’s price does not depend on the underlying’s expected

return, but its expected return does. An expected-return signal should therefore forecast option

and bond returns, if anything, and not their prices. We find the opposite: ESR has little power

for option returns and only modest power for bond returns, yet it forecasts option prices and bond

prices sharply.

We first predict option returns out of sample with a three-layer neural network, using the 147

firm characteristics together with the 80 option characteristics of Bali et al. (2023b) and follow-

ing the same expanding-window procedure as for ESR. We find that option returns are highly

predictable—the machine-learning benchmark generates an H–L spread of 20.4% per month (Ta-

ble IA.10)—but not by ESR or the variables that drive it. We follow Gu et al. (2020) and measure

feature importance by computing each predictor’s contribution to out-of-sample fit. Panel A of

Figure IA.2 shows that predictability is dominated by option-specific and liquidity characteristics,

while ESR ranks 106th of 227 predictors. When we instead predict option prices, as captured by
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implied volatilities, the picture inverts. In contrast. Panel B of Figure IA.2 shows that ESR ranks

7th for option prices.

Corporate bonds display the same dichotomy in Fama–MacBeth regressions in Table IA.17:

ESR predicts bond prices, transformed into yield spreads, far more strongly than bond returns,

with t-statistics between −6.5 and −8.7 across specifications, while the bond-return coefficients are

an order of magnitude smaller and move in and out of significance.

At face value the pattern seems to violate the principle that no-arbitrage prices do not depend

on expected returns; in fact it is the volatility channel in disguise. For options, the machine-

learning model at times selects ESR as a more informative volatility proxy than realized volatility

itself; for bonds, ESR inherits the well-documented pricing power of equity volatility for yield

spreads (Campbell and Taksler, 2003). The price–return gap is thus not an anomaly but a direct

implication of the U-shape—alongside option compression and bond amplification, the third pattern

the framework of Section 5 delivers.

8.2 Robustness for Options

Joint risk factors. Risk factors that drive option prices may also be present in stock returns.

Exposure to variance risk, for instance, is priced in stocks (Ang et al., 2006). For calls, such a

factor could raise option prices with ESR and generate our result qualitatively. For puts, however,

the same logic implies more expensive puts on high-ESR stocks and hence a larger ESR-sorted

put spread in absolute value, not a smaller one. The same reasoning applies to any joint factor

(e.g., jumps, liquidity). The fact that the unconditional ESR-sorted spread is no better than an

uninformed benchmark for both calls and puts is therefore difficult to reconcile with joint risk-factor

explanations.

Demand pressure. Option prices could co-move with ESR for non-fundamental reasons such

as demand pressure (Bollen and Whaley, 2004; Garleanu, Pedersen, and Poteshman, 2008). A

demand-based account, however, faces a sharp no-arbitrage restriction: put-call parity ties call and
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put prices together, so any ESR-related distortion that affects the two asymmetrically—as matching

the low spread for both would require—must appear as parity deviations that are systematically

related to ESR and predict stock returns. Once non-synchronous price issues are properly controlled

for, there is little such evidence in the data, and all our results hold in the post-March-2008 sample

of synchronized prices.24

Shorting fees. Muravyev, Pearson, and Pollet (2025) show that low-ESR stocks tend to be

expensive to short, which could compress the stock-side spread while options already impound the

fees. Using the option-implied fee measure of Muravyev et al. (2022), the cross-sectional correlation

between fees and ESR is only −0.07, and the fee difference between the long and short legs of the

ESR optionable stock strategy is under 10 basis points against a 184 basis point return spread.

While this presents a directional offset, it is an order of magnitude too small.

Transaction costs. Options do not offer a cost advantage; if anything, costs strengthen the

result. The already-weak gross ESR-sorted call strategy turns negative net of costs, while the stock

strategy remains strongly profitable—driven not by per-trade costs but by monthly re-establishment

of option positions versus roughly 15% monthly turnover per leg for the stock strategy (Section A.6,

Table IA.14).

Measurement bias in option returns. Applying the corrections of Duarte et al. (2024)—ex-

ante filtering and lagged-return weighting—leaves the conclusions intact: the call spread moves

from 8.02% to 7.51% and still underperforms the option market, and the double sort is unaffected

(see Table IA.11 and Table IA.12).
24An earlier version of this paper documented a positive relation between ESR and parity deviations; it becomes

insignificant once we jointly control for the U-shaped ESR-VOL structure and shorting fees (Muravyev, Pearson, and
Pollet, 2022), suggesting a spurious reflection of the volatility channel. On the measurement of parity violations and
their predictive power, see Ofek, Richardson, and Whitelaw (2004), Cremers and Weinbaum (2010), Battalio and
Schultz (2006), Honarvar and Howard (2024), and Bogousslavsky and Muravyev (2023).

41



8.3 Robustness for Bonds

Duration and term premia. ESR-sorted bond portfolios differ little in duration or maturity

(durations of 4.4–5.2 years across deciles; Table 6), the yield-spread regressions control for modified

duration, and spreads are measured against duration-matched benchmarks (Table IA.17). The

transmission is not a term-structure artifact.

Credit quality. Ratings are themselves U-shaped across ESR deciles (Table 6) and enter the

regressions as controls; more pointedly, the high-yield/investment-grade contrast of Section 7.2 is

the rating-based check—the effect lives exactly where the structural model puts it, and nowhere

else.

Demand. No parity restriction disciplines bond prices the way put–call parity disciplines options,

but a demand-based account faces a steeper hurdle here: it would have to generate the volatility-

dependent concentration of the spread and its complete absence in investment grade—a structure

that yield-chasing or insurance-demand stories have no reason to produce.

Stale prices. Bond prices are taken from the last trade within the final ten days of the month,

while ESR is formed strictly before this window opens, so the signal does not mechanically anticipate

the prices used at formation. Two staleness channels remain. To the extent stale prices are simply

noisy, they attenuate spreads and inflate standard errors, working against the results we document.

Stale prices could instead delay the incorporation of ESR-related information, pushing part of the

price response into the measured holding period. This, however, is lagged transmission rather than

spurious predictability: a catch-up return presupposes exactly the sensitivity of bond prices to the

issuer’s prospects that the structural mechanism describes, so it could affect the timing—and the

tradability—of the transmission we document, not its existence.
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9 Conclusion

The cross-section of expected stock returns exhibits a volatility smile: stocks in both tails of the

expected-return distribution are roughly twice as volatile as those in the middle. Within equities,

the U-shape resolves a twenty-year dispute. The volatility anomaly of Ang et al. (2006)—and the

literature contesting its sign, size, and existence—turns out to be the one-dimensional projection

of this two-dimensional object: among low-expected-return stocks, higher volatility accompanies

lower returns; among high-expected-return stocks, the reverse. Which relation an unconditional

sort recovers depends on how it blends the two arms, which is why the anomaly has proven so

sensitive to sample and design choices. Conditional on expected returns, each arm is stable; only

the blend is fragile. The anomaly is not a measurement artifact—it is one arm of a structure,

mistaken for the whole.

Beyond equities, the U-shape governs transmission. Because a claim’s expected return is the

underlying premium scaled by an elasticity, and because volatility moves that elasticity with a claim-

specific sign, the co-movement of expected returns and volatility determines how far an expected-

return signal travels: it offsets the transmission to options and reinforces it to corporate bonds.

The data deliver both predictions and the asymmetry between them. ESR-sorted option strategies

fail to beat a naive position in the option market; for calls, the transmission that theory promises

survives only among the most volatile stocks—precisely where options are most expensive and least

levered, so that little of economic value remains—while puts carry the predicted sign more broadly

but offer no more economic value against their naive benchmark. ESR-sorted bond strategies

tell the mirror image: a modest spread comes through even unconditionally, and conditioning on

volatility shows why—it is absent among low-volatility issuers, strengthens with volatility, and

concentrates in high-yield issuers near the default boundary, while investment-grade bonds—far

from the boundary, with little sensitivity to the firm—show no spread at all, a placebo for the

mechanism. None of this requires a departure from standard theory: given the empirical U-shape,

a Black–Scholes–Merton framework predicts each pattern, including the finding that expected stock
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returns forecast option and bond prices far better than option and bond returns.

The broader lesson is methodological, and it extends beyond the signal we study. Any expected-

return characteristic that co-moves with volatility will transmit unevenly across the capital structure—

muted in some claims, magnified in others—even when the underlying premium is identical. Tests

of whether a factor is priced across asset classes therefore inherit the hazard we document for the

univariate volatility sort: unless volatility is held fixed, the volatility channel can masquerade as

differential pricing, reading offset transmission as a pricing failure in one market and amplified

transmission as a distinct premium in another. Mapping risk premia across a firm’s claims requires

conditioning on the joint distribution of expected returns and volatility—because, as this paper

shows, that distribution is far from flat, and far from monotonic.
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A Additional Results
A.1 Summary Statistics
Table IA.1 reports summary statistics for monthly stock, option and bond returns. Summary
statistics for stock returns are calculated over the period from 1957 to 2022. Summary statistic for
option returns and option-matched stock returns are calculated over the period from 1996 to 2022.

A.2 Future VOL and Formal Monotonicity Test
Panel A in Table IA.2 reports the average stock VOL in each ESR portfolio (as in Table 1), to-
gether with future volatility (measured as the standard deviation of daily returns over the holding
period). Panel B shows that the difference in VOL between consecutive portfolios is highly signif-
icant. Panel C reports the monotonicity tests of Patton and Timmermann (2010). Both nulls—a
weakly decreasing and a weakly increasing VOL pattern across ESR deciles—are rejected, with
bootstrapped p-values below 10−6 (none of 106 draws exceeded the test statistic). The pattern is
thus neither decreasing nor increasing: VOL falls and then rises.

A.3 Factor Loadings of ESR-Sorted Stock Portfolios
Table IA.3 reports Fama–French five-factor loadings and alphas for the ESR-sorted decile portfolios
summarized in Table 1. The high-minus-low portfolio carries a five-factor alpha of 360 bps per
month (t = 19.7), so it is not subsumed by the standard factors.

A.4 ESR, Vol, and Leverage
Table IA.6 and Table IA.8 show average leverage per firm for dependent (independent) double sorts
on ESR and VOL for the period from 1987 to 2022. Following Gilchrist and Zakrajšek (2012) and
Chang, d’Avernas, and Eisfeldt (2024), we approximate the face value of debt as 1/2 of the book
value of long-term liabilities plus short-term liabilities.

A.5 Delevered Option Returns
We delever option returns following Fournier et al. (2024) by first computing:

rOt+1 ≡
(
Ot+1 −Ot

Ot

)
Ot

St
, (IA.7)

where O denotes the option price. Since we use hold-until-maturity returns, Ot+1 denotes the
terminal payoff, i.e., max(St+1 −K, 0) for calls and max(K − St+1, 0) for puts. Next, we compute
excess returns via:

RO
t+1 = rOt+1 −

Ot

St
Rf

t . (IA.8)

Note that this procedure removes much of the volatility dependence of option returns by taking
the option price out of the denominator. The payoff itself, however, remains related to volatility,

1



as the expectation of a truncated payoff distribution typically increases in volatility.
We then again sort calls and puts based on the estimated ESR, and compute average RO

t+1
within each portfolio. The results in Table IA.9 show a mostly monotonic pattern across deciles,
and, in the case of calls, with a H−L spread that is large relative to the average “market” return.

A.6 Transaction Costs
Trading options instead of stocks could be attractive if the former entailed lower trading costs. To
assess this possibility, we recompute both stock and option returns net of transaction costs.

A.6.1 Transaction Costs of Stock Portfolios

For stocks, we measure transaction costs using quoted bid-ask spreads. Let κSi,t denote the quoted
bid-ask spread of stock i at time t. Following the standard approach in the literature, we assume
that the effective one-way trading cost equals one half of the quoted spread (e.g. Heston, Jones,
Khorram, Li, and Mo, 2023). Thus, the transaction cost of trading stock i is

τSi,t = 0.5× κSi,t. (IA.9)

We then adjust portfolio returns by simply deducting transaction costs from raw returns.

A.6.2 Transaction Costs of Option Portfolios

For options, we follow Heston et al. (2023) and assume that the effective spread is 20.3% of the
quoted option spread. Let κOi,j,t denote the quoted bid-ask spread of option j written on stock i
at time t. We assume that traders pay one half of the effective spread when entering or exiting a
position, so that the transaction cost of trading the option is

τOi,j,t = 0.5× 0.203× κOi,j,t. (IA.10)

Because we study hold-to-maturity option returns, we compute net long and short returns as

RC,Long = (ST −K)+(1− τS)
C0(1 + τO) − (1 +Rf ), RC,Short = (ST −K)+(1 + τS)

C0(1− τO) − (1 +Rf ), (IA.11)

RP,Long = (K − ST )+(1− τS)
P0(1 + τO) − (1 +Rf ), RP,Short = (K − ST )+(1 + τS)

P0(1− τO) − (1 +Rf ). (IA.12)

Here, τS denotes the transaction cost associated with trading one unit of the underlying stock,
computed as above, and τO denotes the transaction cost of trading one unit of the option.

A.6.3 ESR-Sorted Portfolio Returns with Transaction Costs

Table IA.14 reports the returns on ESR-sorted portfolios of stocks, and ATM calls after accounting
for transaction costs. For the H-L portfolios, we take the long side to be the high-ESR decile and
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the short side to be the low-ESR decile for stocks and calls as indicated by the bold entries in the
table.

Transaction costs strengthen rather than overturn our main result. The ESR-sorted ATM
call strategy is already weak in gross returns: although its average H–L spread is positive, it
underperforms the naïve option market strategy and falls well short of the stock-side evidence.
Once transaction costs are taken into account, this weak gross performance turns into a negative
net return, while the corresponding ESR-sorted stock strategy remains strongly profitable. On
average, transaction costs reduce monthly returns by about 0.5% for stock portfolios and by about
4.4% for option portfolios, with these effects being broadly similar across deciles. In proportional
terms, these magnitudes are not far apart, since option returns are themselves roughly an order
of magnitude larger than stock returns. The main reason option strategies perform worse net of
costs is not disproportionately high per-trade costs, but the fact that option positions must be re-
established every month, whereas average turnover in each leg of the stock strategy is only about
15%.

A.7 Bias-Adjusted Option Returns
This section reports the bias-adjusted counterparts to our main option results, following the correc-
tions of Duarte et al. (2024) summarized in Section 8.2.Table IA.11 reports the ESR-sorted single
sort, and Table IA.12 the dependent double sort on ESR and VOL. For comparability, we apply
the option weighting also to stocks.

B Simulation study
The concern is that ESR is estimated with error and that this error is larger for high-volatility stocks,
whose realized returns—the training target—are noisier. Sorting on an estimate whose noise scales
with volatility could mechanically push volatile firms into both extreme deciles, manufacturing a
U-shaped ESR–VOL relation even where none exists in population. We gauge the size of this
channel with a simulation calibrated to our stock panel.

The design holds the entire estimation pipeline fixed and varies only how much true predictabil-
ity the data contain. We retain the actual firms, the 147 characteristics and industry dummies, the
NN3 architecture, and the expanding-window training scheme of Section 3.5, and replace only real-
ized returns: each stock-month’s return is drawn from N (µit, σ

2
it), with σit set to the stock’s empir-

ical volatility VOL (adjusted to monthly frequency). Fixing σit at its empirical value is what makes
the exercise informative: the differential noise in the training target that drives the mechanical chan-
nel is calibrated to the data rather than assumed. The conditional mean is µit = 0.01+λ ·0.015Xit,
where Xit ∼ U(−1, 1) is an i.i.d. signal added to the characteristic set, independent of volatility by
construction, and λ scales the strength of predictability—from λ = 0 (returns are pure noise; any
structure in the ESR sort is estimation error) to λ = 1, at which the recoverable return spread is of
the same order as the empirical one. All remaining characteristics are unrelated to the simulated
returns by construction and can contribute only spurious dispersion. We then sort out of sample
on the estimated ESR and report realized returns and average volatility by decile (Table IA.15).
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The results trace how signal crowds out noise. With no predictability (λ = 0, Panel A), the
sort recovers no return spread—the H–L portfolio earns an insignificant −10 bps per month—yet
average volatility traces a clear U across ESR deciles, from 58.0% through a trough of 45.3% to
65.0%: sorting on pure noise does tilt both tails toward volatile stocks, exactly as the mechanical
account predicts. The U is much weaker than in the data, however—tails about 1.3 times the
middle, versus roughly twice empirically—so even under the least favorable scenario, estimation
noise reproduces only a fraction of the observed amplitude. More importantly, the spurious U dies
quickly as genuine predictability enters. At a quarter of the calibrated signal strength (Panel B)
the U is already visibly attenuated; at half (λ = 0.5, Panel C) volatility is essentially flat across
deciles—while the recovered return spread, at 109 bps per month, is still far below the 390 bps in the
data. At the calibrated level (Panel E) the sort recovers a strongly monotonic spread of 242 bps and
the volatility profile shows no U at all. Estimation noise thus generates a spurious U only when
returns contain essentially no signal; already at levels of predictability well below the empirical
one, the noise channel is fully crowded out. Since the data feature both strong predictability and
a pronounced U, the empirical U-shape cannot be the noise channel at work.

The exercise is a calibrated benchmark rather than a general bound: it fixes a Gaussian data-
generating process with a signal independent of volatility, and its force comes in combination with
the return-based evidence of Section 4, which requires no parametric assumptions. Within this
calibration—which matches the volatility distribution that drives the channel and generates forecast
errors endogenously from the identical estimation pipeline—estimation noise cannot reproduce the
combination the data display.

C Unlevering Stock Returns
We apply the Merton (1974) model to unlever stock returns. Asset returns are changes in the
market value of firms. Under the assumption that the total value of a firm follows GBM, the
Merton model assumes that the equity of the firm is a call option on the underlying value of the
firm, with a strike price equal to the face value of the firm’s debt. The equity can be priced by

E = VN (d1)− e−rfTBN (d2), (IA.13)

where

d1 =
ln(V/B) + (rf + 0.5σ2

v)T
σv

√
T

(IA.14)

d2 = d1 − σv
√
T (IA.15)

and E is the market value of equity; V is the market value of the firm; B is the face value of debt;
T is debt’s time-to-maturity; and rf is the instantaneous risk-free rate. The model relates asset
volatility σv and equity volatility σe by

σe =
(
V

E

)
N (d1)σv . (IA.16)
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For each firm in each month, we use Equations (IA.13) and (IA.16) to estimate σv, V , and its
asset returns (growth rates of V ). Following Bharath and Shumway (2008), Gilchrist and Zakrajšek
(2012), and Chang et al. (2024), we approximate the face value of the debt maturing in one year
as the sum of the firm’s current liabilities and one-half of its long-term liabilities. We implement
an iterative procedure to estimate the volatility and market value of firm assets: First, we guess an
initial value of σ̃v = σe[E/(E+B)] and insert it into Equation (IA.13) to infer the market value of
each firm Ṽ every day for the previous month. Second, we calculate the implied return on assets
each day and use the return series to generate a new estimate σ̃v. Third, we iterate the steps until
σ̃v converges so that the absolute difference in adjacent σ̃v’s is less than 10−3 and denote the last
σ̃v as σ̂v, our proxy for σv. Finally, we insert σ̂v into Equation (IA.13) to estimate the firms market
value for each month V̂ . Repeating this procedure produces a time series of V̂ , from which we
compute asset returns.

We then implement training and estimation procedures similar to those described in Section
3.5, but using asset returns as signals to estimate the relationships between asset returns and the
same set of features. This process ultimately yields a panel of out-of-sample estimates of expected
asset returns.
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D Additional Figures

Figure IA.1: Feature Importance for Predicting Stock Returns

This figure shows the top 30 features and ESR ranked by feature importance when predicting stock returns for the
out-of-sample period from 1987 to 2022, measured as the average decrease in out-of-sample R-squared. Following Gu
et al. (2020), we determine the influence of feature j based on the reduction in out-of-sample R-Squared from setting
all values of predictor j to their median, while holding the remaining model estimates fixed. Variable importance
within each model is normalized to sum to 1.
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Figure IA.2: Feature Importance for Option Return and Implied Volatility Prediction

This figure shows the top 30 features and ESR ranked by feature importance when predicting option returns and
implied volatilities for the out-of-sample period from 2006 to 2022, measured as the average decrease in out-of-sample
R-squared. Following Gu et al. (2020), we determine the influence of feature j based on the reduction in out-of-sample
R-Squared from setting all values of predictor j to their median, while holding the remaining model estimates fixed.
Panel A displays the feature importance when predicting option returns using both option features, stock features,
and the ESR measure. Panel B displays the feature importance when predicting the level of implied volatilities of
ATM call options using both stock features and the ESR measure. Features that appear among the top 30 features
in both Panel A and B are in bold font. Variable importance within each model is normalized to sum to 1.
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Figure IA.3: Functional Form Relationship Between VOL and Top-15 Stock Return
Predictors

This figure displays the relationship between VOL and each of the Top-15 stock return predictors as displayed in
Figure IA.1. For completeness, we also add 12-month momentum. Individual return predictors are separated into
four categories based on their functional form relationship with VOL. Panel (a) displays return predictors that exhibit
a monotonically increasing relationship. Panel (b) displays return predictors that exhibit a monotonically decreasing

relationship. Panel (c) displays return predictors that exhibit a U-shaped relationship. Panel (d) displays return
predictors that exhibit no particular relationship.
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Figure IA.4: VOL as a Function of the Stambaugh et al. (2015) Mispricing Score

This figure plots the average total volatility (VOL) against the Stambaugh et al. (2015) mispricing score for the period
from 1987 to 2022. We construct a composite mispricing score following Stambaugh et al. (2015) using 11 anomaly
signals: net stock issues, composite equity issues, total accruals, net operating assets, asset growth, investment-to-
assets, financial distress probability, O-score bankruptcy probability, 12-month momentum, gross profitability, and
return on assets. Each signal is ranked cross-sectionally within each month. The overall mispricing score is the
equal-weighted average of available signal percentiles, requiring at least five non-missing signals.
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Figure IA.5: The Volatility Smile of Expected Returns—6-year Increments

This figure shows average out-of-sample returns and average stock volatility across decile portfolios sorted on expected
stock returns (ESR) separately for 6-year increments from 1987 to 2022. Each month, stocks are sorted into deciles
by ESR, the out-of-sample forecast from the neural-network model of Gu et al. (2020). The y-axis displays the
time-series average of each decile’s mean out-of-sample return (in %) and annualized volatility (in %). The sample
comprises all CRSP common stocks.
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Figure IA.6: Dependence Between Expected Asset Return and Asset Volatility

This figure shows the average fraction of firms per month in each portfolio for a 10×10 independent double sort on
expected asset return and asset volatility for the sample of corporate bond-matched stocks (Panel A) and optionable
stocks (Panel B).
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E Additional Tables

Table IA.1: Summary Statistics for Stock, Option and Bond Returns

This table reports descriptive statistics for monthly stock returns (in %, per month) for the period from 1957 to 2022;
option and option-matched stock returns for the period from 1996 to 2022; bond and bond-matched stock returns
for the period from 2006 to 2022. All returns are in excess of the risk-free rate. Hold-to-maturity option returns are
measured from the first trading day after a third Friday until the next third Friday. Panel A presents descriptive
statistics for stock returns of all stocks (N×T=4,352,441), optionable stocks (N×T=565,330), as well as bond-matched
stocks (both investment grade and high yield; N×T=267,608) in our sample. Panel B reports returns and option
characteristics for at-the-money call options (N×T=473,844), Panel C for at-the-money put options (N×T=388,531).
For each stock and month, we keep the option contract with moneyness closest to 1, with K/S ∈ [0.9, 1.1]. Option
implied volatility and deltas are provided by OptionMetrics. Lastly, Panel D and E present descriptive statistics for
investment grade bonds (N×T=124,451) and high-yield bonds (N×T=96,669).

Mean SD 10% 25% 50% 75% 90% Skew. Kurt.

A. Stocks
All Stocks 0.59 17.52 −14.94 −6.34 −0.32 5.97 15.46 8.13 469.65
Optionable stocks 0.53 15.80 −15.75 −6.70 0.53 7.37 15.98 1.99 60.04
Bond-matched stocks 0.92 13.46 −11.49 −4.47 0.93 6.22 12.84 3.89 228.44

B. ATM Calls
Option Return 6.74 180.38 −100.35 −100.10 −98.05 63.85 222.00 4.02 44.24
Time-to-Maturity 27.97 3.39 25.00 25.00 26.00 32.00 33.00 0.59 −1.52
Moneyness 1.01 0.04 0.96 0.99 1.00 1.03 1.06 −0.01 0.17
Implied Volatility 0.46 0.25 0.21 0.28 0.40 0.56 0.78 1.88 6.43
Delta 0.51 0.13 0.34 0.43 0.51 0.58 0.66 −0.05 0.42

C. ATM Puts
Option Return −9.23 190.69 −100.34 −100.11 −100.01 26.82 184.11 9.54 286.49
Time-to-Maturity 27.92 3.38 25.00 25.00 26.00 32.00 33.00 0.60 −1.50
Moneyness 0.99 0.04 0.94 0.97 1.00 1.01 1.04 0.02 0.25
Implied Volatility 0.46 0.26 0.21 0.28 0.40 0.57 0.79 2.01 7.24
Delta −0.45 0.13 −0.61 −0.52 −0.45 −0.37 −0.29 −0.24 0.64

D. Bonds (Investment Grade)
Bond Return 0.18 2.93 −2.40 −0.79 0.18 1.26 2.70 1.49 83.37
Credit Rating 7.84 1.91 5.00 7.00 8.00 9.00 10.00 −0.97 0.69
Bond Maturity 9.68 8.39 2.63 4.38 7.71 9.76 27.82 1.84 4.39
Amount Outstanding 0.58 0.47 0.25 0.30 0.50 0.75 1.00 3.49 24.16

E. Bonds (High Yield)
Bond Return 0.25 6.21 −3.52 −1.03 0.36 1.68 3.75 4.01 208.83
Credit Rating 14.02 2.15 11.00 12.00 14.00 16.00 17.00 0.53 −0.05
Bond Maturity 6.32 3.07 3.21 4.55 6.25 7.62 9.12 5.28 100.21
Amount Outstanding 0.50 0.36 0.20 0.28 0.40 0.60 0.95 2.83 16.47
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Table IA.2: VOL and Future VOL for ESR-Sorted Stock Portfolios

This table reports the average VOL and the future VOL (over the holding period of the stock portfolios) for equal-
weighted decile portfolios of all stocks sorted on the expected stock return (ESR) for the period from 1987-2022.
ESRs are built using the neural network model described in Section 3.5. Panel A displays VOL sorted by ESR decile.
Panel B displays differences in VOL between consecutive portfolios. t-statistics (in parentheses) are Newey–West
(1987) adjusted with four lags. Panel C reports the monotonicity tests of Patton and Timmermann (2010) for the
null of a weakly decreasing and of a weakly increasing pattern; p-values are bootstrapped. ∗, ∗∗, and ∗∗∗ denote
significance at the 10%, 5%, and 1% levels.

Low 2 3 4 5 6 7 8 9 High

A. VOL by ESR-Decile

VOL 96.42∗∗∗ 66.88∗∗∗ 50.93∗∗∗ 42.20∗∗∗ 38.00∗∗∗ 36.43∗∗∗ 36.56∗∗∗ 38.37∗∗∗ 43.74∗∗∗ 68.24∗∗∗
(t) (36.68) (31.32) (28.50) (29.24) (33.29) (36.22) (36.70) (36.88) (33.61) (31.13)
VOLt+1 84.15∗∗∗ 64.39∗∗∗ 51.16∗∗∗ 43.65∗∗∗ 39.59∗∗∗ 38.08∗∗∗ 38.49∗∗∗ 40.76∗∗∗ 46.40∗∗∗ 71.82∗∗∗
(t) (37.45) (31.95) (28.49) (29.77) (33.22) (35.80) (36.55) (36.92) (34.75) (31.73)

B. VOL Differences

Difference in Portfolios 2-1 3-2 4-3 5-4 6-5 7-6 8-7 9-8 10-9

∆ −29.54∗∗∗ −15.95∗∗∗ −8.73∗∗∗ −4.20∗∗∗ −1.57∗∗∗ 0.12 1.81∗∗∗ 5.37∗∗∗ 24.50∗∗∗
(t) (−35.40) (−29.75) (−18.23) (−9.09) (−4.53) (0.54) (9.34) (14.28) (23.22)

C. Monotonicity test of Patton and Timmermann (2010) for differences in VOL

H0 : ∆σd ≤ 0 ∀ d = 2, . . . , 10, where ∆σd ≡ σ̄d − σ̄d−1: p < 10−6

H0 : ∆σd ≥ 0 ∀ d = 2, . . . , 10: p < 10−6

Table IA.3: ESR-Sorted Stock Portfolios: Returns, Factor Loadings and Alphas

This table reports the average excess return for equal-weighted decile portfolios of all stocks sorted on the expected
stock return (ESR) for the period from 1987 to 2022. ESRs are built using the neural network model described
in Section 3.5. Panel A reports the average excess returns and idiosyncratic volatilities of stocks in the respective
ESR portfolio against both the FF-3 and FF-5 model. Panel B reports factor loadings and alphas of the portfolio
for the FF-5 factor model. Alphas are denoted in percent per month. t-statistics (in parentheses) are adjusted for
heteroscedasticity and autocorrelation (Newey and West, 1987) with four lags. ∗, ∗∗, and ∗∗∗ denote significance at
the 10%, 5%, and 1% levels.

Low 2 3 4 5 6 7 8 9 High H−L

A. Excess Returns and Idiosyncratic Volatility
Excess Return −1.34 −0.20 0.22 0.50 0.65 0.78 0.87 1.11 1.37 2.56 3.90
IVOL (FF-3) 83.75 57.26 43.26 35.47 31.59 30.02 30.02 31.64 36.90 60.65
IVOL (FF-5) 77.87 53.24 40.25 33.00 29.39 27.93 27.94 29.46 34.40 56.67

B. Factor Loadings and Alphas (FF-5)
MKT 1.14 1.00 0.89 0.81 0.80 0.82 0.84 0.87 0.89 0.96 −0.18
SMB 0.90 0.78 0.64 0.57 0.53 0.51 0.51 0.57 0.63 0.76 −0.14
HML 0.03 −0.02 −0.00 0.04 0.11 0.15 0.20 0.24 0.31 0.26 0.23
RMW −1.07 −0.69 −0.36 −0.20 −0.02 0.06 0.10 0.08 0.05 −0.28 0.79
CMA −0.27 −0.18 −0.09 0.01 −0.04 0.04 0.03 0.06 −0.00 0.10 0.37

Alpha −1.74∗∗∗−0.64∗∗∗−0.29∗∗∗−0.04 0.05 0.11∗ 0.17∗∗∗ 0.37∗∗∗ 0.63∗∗∗ 1.86∗∗∗ 3.60∗∗∗
(t) (−8.65) (−4.93) (−2.95) (−0.45) (0.72) (1.90) (2.76) (5.11) (6.55) (8.27) (19.69)
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E.1 Conditional FMB regressions – Details

Table IA.4: Unconditional and Conditional Volatility-Return Relationship

This table reports Fama and MacBeth (1973) regressions of monthly stock excess returns on various measures of
volatility (Panel A) and for different subsamples (Panel B), for all stocks over the period from 1987 to 2022. In Panel
B, “−” indicates which stocks are excluded from the subsample. The first column indicates the volatility measure and
sample restriction, respectively. The columns labeled “All” use all stocks, while the remaining columns use stocks
within the respective ESR quintile each month. ESRs are built using the neural network model described in Section
3.5. The rows with “Controls” include additional control variables: CAPM-Beta, ln(Size), ln(market-to-book ratio),
relative share turnover and its standard deviation, short-term reversal and momentum. t-statistics (in parentheses)
are adjusted for heteroscedasticity and autocorrelation (Newey and West, 1987) with four lags. ∗, ∗∗, and ∗∗∗ denote
significance at the 10%, 5%, and 1% levels.

All Low ESR 2 3 4 High ESR

A. Alternative Volatility Measures

VOL −0.70∗∗∗ −1.29∗∗∗ −0.23 −0.11 0.27 0.92∗∗∗
(−2.82) (−8.23) (−0.71) (−0.32) (0.68) (2.80)

-with Controls −0.31 −0.91∗∗∗ 0.02 −0.38 0.21 1.15∗∗∗
(−1.61) (−4.09) (0.05) (−1.11) (0.54) (4.19)

CAPM IVOL −0.74∗∗∗ −1.35∗∗∗ −0.34 −0.23 0.23 0.94∗∗∗
(−2.95) (−8.43) (−1.08) (−0.67) (0.59) (2.86)

-with Controls −0.33∗ −0.95∗∗∗ 0.01 −0.35 0.28 1.15∗∗∗
(−1.66) (−4.36) (0.03) (−1.02) (0.72) (4.07)

FF3 IVOL −0.78∗∗∗ −1.42∗∗∗ −0.36 −0.24 0.25 0.96∗∗∗
(−2.98) (−8.33) (−1.08) (−0.66) (0.61) (2.76)

-with Controls −0.34∗ −0.97∗∗∗ −0.01 −0.35 0.33 1.14∗∗∗
(−1.66) (−4.05) (−0.03) (−0.98) (0.80) (3.82)

Expected 0.03 −0.90∗∗∗ 0.11 0.38 0.79∗ 2.07∗∗∗
FF3 IVOL (0.07) (−3.08) (0.26) (0.90) (1.89) (5.32)

-with Controls −0.13 −0.71∗∗∗ −0.20 0.08 0.44 1.15∗∗∗
(−0.44) (−2.80) (−0.60) (0.22) (1.14) (3.58)

FF5 IVOL −0.84∗∗∗ −1.53∗∗∗ −0.39 −0.31 0.27 1.02∗∗∗
(−3.03) (−8.39) (−1.12) (−0.78) (0.63) (2.78)

-with Controls −0.36∗ −1.01∗∗∗ −0.01 −0.40 0.37 1.22∗∗∗
(−1.67) (−3.86) (−0.02) (−1.06) (0.86) (3.89)

Monthly FF3 IVOL −0.31 −1.07∗∗∗ 0.06 0.23 0.77 1.64∗∗∗
(−0.80) (−4.08) (0.14) (0.53) (1.59) (3.43)

-with Controls −0.18 −0.37 −0.08 −0.00 0.55 0.97
(−0.58) (−1.47) (−0.22) (−0.01) (1.14) (2.55)
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Table IA.4 — continued

All Low ESR 2 3 4 High ESR

B. Alternative Subsamples

−Small Stocks −1.69∗∗ −1.91∗∗∗ 0.32 0.69 1.35∗∗ 2.02∗∗∗
(−2.33) (−3.51) (0.38) (0.93) (2.00) (3.22)

-with Controls −1.96∗∗∗ −2.33∗∗∗ −0.32 −0.22 0.85 1.18∗∗
(−3.56) (−3.76) (−0.53) (−0.36) (1.52) (2.19)

−Top10% −0.95∗∗∗ −1.61∗∗∗ −0.41 −0.32 0.21 0.66∗
ZTrade (−3.33) (−9.01) (−1.15) (−0.82) (0.50) (1.79)

-with Controls −0.57∗∗∗ −1.25∗∗∗ −0.16 −0.30 0.19 0.89∗∗∗
(−2.68) (−6.55) (−0.46) (−0.81) (0.49) (2.88)

−Top1% −0.72∗ −1.63∗∗∗ −0.16 −0.18 0.36 1.63∗∗∗
IVOL (−1.78) (−5.93) (−0.35) (−0.42) (0.83) (3.76)

-with Controls −0.80∗∗∗ −1.83∗∗∗ −0.12 −0.39 0.08 1.15∗∗∗
(−2.70) (−7.83) (−0.33) (−1.03) (0.22) (3.22)

−Top1% −0.08 −1.08∗∗∗ 0.13 0.32 0.73 2.04∗∗∗
Expected IVOL (−0.19) (−2.88) (0.29) (0.74) (1.64) (4.76)

-with Controls −0.32 −0.84∗∗ −0.16 −0.04 0.23 1.02∗∗∗
(−0.91) (−2.51) (−0.41) (−0.10) (0.58) (2.90)

−Top10% & −0.75∗∗∗ −1.44∗∗∗ −0.27 −0.27 0.35 0.96∗∗∗
−Bottom 10% Mispricing (−2.84) (−8.24) (−0.79) (−0.73) (0.86) (2.71)

-with Controls −0.31 −0.97∗∗∗ 0.03 −0.43 0.45 1.08∗∗∗
(−1.49) (−3.67) (0.08) (−1.24) (1.05) (3.53)
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Table IA.5: Unconditional and Conditional Volatility-Return Relationship – Unlevered
Stocks (Assets)

This table reports Fama and MacBeth (1973) regressions of monthly asset returns on asset and stock volatilities
for all unlevered stocks over the period from 1987 to 2022. The columns labeled “All” use all stocks, while the
remaining columns use stocks within the respective EAR quintile each month. The rows with “Controls” include
additional control variables: CAPM-Beta, ln(Size), ln(market-to-book ratio), relative share turnover and its standard
deviation, short-term reversal and momentum. t-statistics (in parentheses) are adjusted for heteroscedasticity and
autocorrelation (Newey and West, 1987) with four lags. ∗, ∗∗, and ∗∗∗ denote significance at the 10%, 5%, and 1%
levels.

All Low EAR 2 3 4 High EAR

Asset VOL 1.59∗∗ −0.69∗ −0.20 0.01 1.02∗∗ 2.69∗∗
(2.48) (−1.82) (−0.30) (0.02) (2.22) (2.36)

-with Controls 2.58∗∗∗ −0.28 0.76 0.02 0.54 3.59∗∗
(2.62) (−0.62) (0.68) (0.03) (1.02) (2.40)

Stock VOL 0.64∗∗ −0.71∗ −0.25 −0.07 −0.13 1.39∗∗
(2.01) (−1.69) (−0.66) (−0.22) (−0.44) (2.43)

-with Controls 1.15∗∗∗ −0.50 0.41 −0.18 −0.00 1.76∗∗∗
(2.86) (−1.55) (0.56) (−0.60) (−0.00) (3.38)

Table IA.6: Firm Leverage – Dependent Double Sorts on ESR and VOL

This table reports the average leverage per firm for dependent double sorts on ESR and VOL for the period from
1987 to 2022. ESRs are built using the neural network model described in Section 3.5. Columns refer to VOL, while
rows refer to ESR sorts. We first sort on VOL and then on ESR. We define leverage as the ratio of the face value of
debt to the market value of equity. Following Gilchrist and Zakrajšek (2012) and Chang et al. (2024), we approximate
the face value of debt as 1/2 of the book value of long-term liabilities plus short-term liabilities.

ESR
VOL Low 2 3 4 High

Low 0.68 0.76 0.80 0.75 1.11
2 0.56 0.64 0.78 0.74 1.21
3 0.57 0.62 0.70 0.83 1.33
4 0.60 0.67 0.91 0.94 1.44
High 0.71 0.83 0.97 1.10 1.53
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Table IA.7: Firm Leverage – Dependent Double Sorts on ESR and VOL - High-Yield
Bond-Matched Stocks

This table reports the average leverage per high-yield bond-matched firm for dependent double sorts on ESR and
VOL for the period from 2006 to 2022. ESRs are built using the neural network model described in Section 3.5.
Columns refer to VOL, while rows refer to ESR sorts. We first sort on VOL and then on ESR. We define leverage as
the ratio of the face value of debt to the market value of equity. Following Gilchrist and Zakrajšek (2012) and Chang
et al. (2024), we approximate the face value of debt as 1/2 of the book value of long-term liabilities plus short-term
liabilities.

ESR
VOL Low 2 3 4 High

Low 0.57 0.69 0.96 1.36 2.88
2 0.52 0.60 0.76 1.07 2.06
3 0.53 0.65 0.79 1.01 1.83
4 0.59 0.70 0.95 1.19 1.91
High 0.75 0.92 1.14 1.57 2.57

Table IA.8: Firm Leverage – Independent Double Sorts on ESR and VOL

This table reports the average leverage per firm for independent double sorts on ESR and VOL for the period from
1987 to 2022. ESRs are built using the neural network model described in Section 3.5. Columns refer to VOL, while
rows refer to ESR sorts. We define leverage as the ratio of the face value of debt to the market value of equity.
Following Gilchrist and Zakrajšek (2012) and Chang et al. (2024), we approximate the face value of debt as 1/2 of
the book value of long-term liabilities plus short-term liabilities.

ESR
VOL Low 2 3 4 5 6 7 8 9 High

Low 1.05 0.78 0.90 0.73 0.57 0.79 0.72 0.69 0.86 1.32
2 0.92 0.70 1.05 0.66 0.74 0.96 0.79 0.78 0.98 1.57
3 0.76 0.58 0.78 0.59 0.78 0.62 0.71 0.85 1.08 1.66
4 0.66 0.54 0.74 0.74 0.99 0.66 0.77 0.86 1.15 1.51
5 0.59 0.54 0.56 0.62 0.63 0.74 0.80 0.92 1.16 1.76
6 0.59 0.57 0.61 0.62 0.69 0.76 0.84 0.96 1.22 1.68
7 0.59 0.59 0.63 0.67 0.95 0.81 0.92 1.06 1.20 1.71
8 0.64 0.64 0.68 0.70 0.80 1.25 0.94 1.04 1.33 1.71
9 0.72 0.70 0.77 0.80 0.88 0.95 1.06 1.11 1.26 1.79
High 0.84 0.86 0.91 0.95 1.01 1.05 1.09 1.13 1.29 1.78
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Table IA.9: ESR-Sorted Delevered Option Returns

This table reports average at-the-money call (Panel A) and put (Panel B) option delevered returns, sorted by expected
stock return based on the neural network model described in Section 3.5 for the period from January 2006 to December
2022. Sharpe ratios (SR) are denoted in annual terms. t-statistics (in parentheses) are adjusted for heteroscedasticity
and autocorrelation (Newey and West, 1987) with four lags. All portfolios are equally-weighted. Returns are denoted
in % per month. *, **, and *** indicate statistical significance at the 10%, 5% and 1% levels.

Low 2 3 4 5 6 7 8 9 High H–L Market

A. ATM Calls
Mean −0.25 0.10 0.16 0.31 0.41 ∗∗ 0.32 ∗ 0.31 ∗ 0.31 ∗ 0.27 0.38 ∗ 0.64 ∗∗∗ 0.23
(t) (−0.79) (0.40) (0.81) (1.63) (2.32) (1.80) (1.70) (1.70) (1.36) (1.74) (3.25) (1.17)
SD 4.50 3.19 2.65 2.68 2.59 2.67 2.73 2.84 3.12 3.74 2.42 2.93
SR −0.19 0.11 0.21 0.40 0.55 0.42 0.39 0.38 0.30 0.36 0.91 0.27

B. ATM Puts
Mean −0.30 −0.42 −0.42 −0.48 ∗ −0.48 ∗ −0.43 −0.46 −0.50 ∗ −0.48 −0.67 ∗∗ −0.38 ∗∗ −0.46
(t) (−0.79) (−1.47) (−1.60) (−1.83) (−1.84) (−1.52) (−1.61) (−1.79) (−1.56) (−1.97) (−2.14) (−1.62)
SD 5.56 4.25 4.00 3.92 3.88 4.15 4.24 4.25 4.59 5.00 2.49 4.29
SR −0.19 −0.34 −0.36 −0.42 −0.43 −0.36 −0.37 −0.41 −0.36 −0.47 −0.52 −0.38

Table IA.10: EOR Sorted Call Returns

This table reports average option portfolio returns, sorted by expected option return (EOR) based on the neural
network model described in Section 8.1 for the period from 2006 to 2022. Sharpe ratios are denoted in annual terms.
t-statistics (in parentheses) are adjusted for heteroscedasticity and autocorrelation (Newey and West, 1987) with four
lags. All portfolios are equally-weighted. Returns are denoted in % per month. *, **, and *** indicate statistical
significance at the 10%, 5% and 1% levels.

Low 2 3 4 5 6 7 8 9 High H–L Market

Mean −3.72 2.02 6.48 6.80 ∗ 8.95 ∗∗ 8.19 ∗∗ 10.18 ∗∗∗ 11.42 ∗∗∗ 13.83 ∗∗∗ 16.70 ∗∗∗ 20.42 ∗∗∗ 8.03 ∗∗

(t) (−0.94) (0.49) (1.63) (1.86) (2.15) (2.07) (2.58) (2.79) (3.02) (3.41) (7.91) (2.01)
SD 55.50 60.35 60.25 59.57 64.03 62.61 63.02 64.88 67.29 72.07 35.32 61.19
SR −0.23 0.12 0.37 0.40 0.49 0.45 0.56 0.61 0.71 0.80 2.01 0.46
Mean ESR Decile 4.31 4.84 5.11 5.34 5.48 5.65 5.82 6.02 6.16 6.28
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Table IA.11: Bias-Adjusted ESR-Sorted Call and Stock Returns

This table reports average bias-adjusted call option and stock portfolio returns, sorted by expected stock return
based on the neural network model described in Section 3.5 for the period from 2006 to 2022. The last column
presents average weighted returns (“Market"). Panel A displays excess returns for at-the-money call options. Panel
B displays excess returns for optionable stocks. t-statistics (in parentheses) are adjusted for heteroscedasticity and
autocorrelation (Newey and West, 1987) with four lags. Returns are denoted in % per month. *, **, and *** indicate
statistical significance at the 10%, 5% and 1% levels.

Low 2 3 4 5 6 7 8 9 High H–L Market

A. ATM Calls

Mean −0.06 6.75 7.90 12.44∗ 13.98∗∗ 13.00∗∗ 9.62∗ 9.08∗ 10.55∗∗ 7.46∗ 7.51∗∗ 9.04∗
(t) (−0.01) (1.30) (1.45) (1.93) (2.43) (2.22) (1.82) (1.75) (2.09) (1.86) (2.20) (1.83)

B. Optionable Stocks

Mean −0.47 0.28 0.57 0.74 0.90∗∗ 0.90∗∗ 0.85∗ 0.79∗ 0.96∗∗ 1.24∗∗ 1.71∗∗∗ 0.68
(t) (−0.64) (0.47) (1.06) (1.50) (2.00) (2.15) (1.88) (1.74) (2.01) (2.35) (3.63) (1.37)

Table IA.12: Bias Adjusted Option Returns – Dependent Double Sorts on ESR and
Volatility

This table is analogous to Panel A and Panel C of Table 5, but reports bias-adjusted option returns (following Duarte
et al. (2024), and the corresponding weighted stock returns. ESRs are built using the neural network model described
in Section 3.5. Columns refer to VOL, while rows refer to ESR sorts. We first sort on VOL and then on ESR.
Stock returns are weighted with the same weights as option returns. t-statistics (in parentheses) are adjusted for
heteroscedasticity and autocorrelation (Newey and West, 1987) with four lags. Sharpe ratios (SR) are annualized.
∗∗∗, ∗∗, and ∗ indicate statistical significance at the 1%, 5%, and 10% level, respectively.

ESR
VOL Low 2 3 4 High Low 2 3 4 High

A. Returns: Stocks B. Returns: ATM Calls

Low 0.76 0.58 0.34 0.05 −0.87 14.78∗∗∗ 8.63∗∗ 7.54∗ 5.80 −6.57
2 0.70 0.83 0.95 0.43 0.18 18.99∗∗∗15.95∗∗∗13.09∗∗∗ 4.53 −0.01
3 0.85 0.77 0.86 0.75 0.57 21.05∗∗∗11.86∗∗∗ 9.88∗∗ 3.13 0.31
4 0.75 0.86 0.96 0.68 0.63 18.60∗∗∗10.98∗∗∗13.58∗∗∗ 4.33 −1.14
High 0.79 1.07 1.17∗ 1.03 1.20∗ 18.03∗∗∗11.75∗∗∗13.40∗∗∗ 4.91 4.51

H–L 0.03 0.49∗∗ 0.83∗∗∗ 0.98∗∗∗ 2.07∗∗∗ 3.25 3.12 5.86 −0.89 11.08∗∗∗
(t) (0.19) (2.40) (2.91) (2.80) (4.82) (0.62) (0.77) (1.64) (−0.23) (3.26)
SR 0.05 0.66 0.81 0.84 1.38 0.15 0.20 0.40 −0.06 0.83
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Table IA.13: Value-weighted ESR-Sorted Stock Portfolios

This table replicates Panel A of Table 1. Instead of equal-weighted portfolios, we construct value-weighted portfolios
using the market value of equity as the weight.

Low 2 3 4 5 6 7 8 9 High H−L

A. All Stocks (OOS: 1987–2022)

RS −0.87 0.00 0.18 0.40 0.72 0.76 0.81 0.95 1.20 1.63 2.50
(t) (−1.87) (0.00) (0.58) (1.62) (3.56) (3.70) (4.27) (4.67) (5.10) (5.60) (6.88)
VOL 74.30 49.34 37.51 31.25 28.04 26.89 26.82 27.71 30.26 40.10
IVOL 59.98 38.36 28.30 23.09 20.42 19.24 19.14 19.83 22.29 31.98

Table IA.14: Transaction Cost Adjusted ESR-Sorted Optionable Stock and Call Returns

This table reports average stock and option portfolio returns after adjustment for transaction costs based on the
procedure outlined in Sections A.6.1 and A.6.2 for the period from 2006 to 2022. ESRs are built using the neural
network model described in Section 3.5. Returns are denoted in % per month. Returns of a short position are
calculated such that a negative value indicates a loss, and a positive value a gain. Values that enter the respective H-
L column are highlighted in bold. t-statistics (in parentheses) are adjusted for heteroscedasticity and autocorrelation
(Newey and West, 1987) with four lags.

Mean Return
ESR Decile: Low 2 3 4 5 6 7 8 9 High H−L (t)

Stocks Long −1.09 −0.20 0.02 0.13 0.43 0.25 0.34 0.30 0.37 0.74 0.92** (2.25)Short 0.18 −0.99 −1.13 −1.17 −1.45 −1.28 −1.40 −1.39 −1.48 −1.64

ATM Calls Long −5.72 1.12 2.32 6.08 9.51 6.70 5.53 5.40 3.54 2.28 -2.91 (-1.10)Short -5.18 −10.98 −11.14 −14.70 −18.21 −15.17 −14.14 −14.06 −12.68 −12.86
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Table IA.15: ESR-Sorted Stock Portfolios: Simulation Study

This table is analogue to Table 1, but with simulated data.

Low 2 3 4 5 6 7 8 9 High H−L

A. λ = 0 (no predictability)

RS 1.01 0.95 1.03 0.98 0.98 0.99 0.97 1.00 0.98 0.91 −0.10
(t) (22.88) (22.94) (32.83) (29.15) (32.80) (31.34) (27.46) (29.83) (24.72) (19.83) (−1.66)
VOL 58.01 51.65 47.82 46.64 45.30 46.32 49.00 52.54 56.80 64.97

B. λ = 0.25

RS 0.88 0.84 0.90 0.96 0.97 1.00 0.95 1.06 1.10 1.15 0.27
(t) (21.25) (22.98) (25.16) (26.85) (27.66) (30.79) (27.67) (25.05) (24.66) (24.89) (4.38)
VOL 55.29 49.72 48.48 48.89 49.04 49.13 50.32 52.06 55.37 60.01

C. λ = 0.5

RS 0.50 0.50 0.62 0.73 0.92 1.00 1.18 1.35 1.41 1.58 1.09
(t) (11.90) (13.64) (17.39) (18.71) (26.08) (28.16) (32.18) (34.76) (37.66) (40.62) (17.77)
VOL 57.31 51.60 51.24 51.43 51.51 51.46 51.15 50.61 49.85 52.19

D. λ = 0.75

RS 0.11 0.25 0.44 0.58 0.90 1.12 1.28 1.50 1.72 1.89 1.78
(t) (2.95) (6.99) (11.48) (15.76) (22.09) (27.93) (32.90) (39.60) (50.13) (52.28) (35.15)
VOL 54.47 51.58 51.68 51.86 51.88 51.92 51.62 51.30 50.63 51.41

E. λ = 1 (empirically calibrated)

RS −0.19 −0.02 0.21 0.51 0.82 1.14 1.43 1.68 1.97 2.23 2.42
(t) (−4.76) (−0.48) (5.20) (13.21) (21.79) (25.39) (33.54) (44.38) (53.95) (64.68) (44.98)
VOL 54.44 51.71 51.86 51.84 51.92 51.86 51.82 51.50 50.67 50.72
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E.2 Results for Corporate Bonds

Table IA.16: Dependent Double Sorts on ESR and VOL — Corporate Bond-Matched
Stocks

This table reports average monthly excess returns from a 5 × 5 dependent double sort of corporate bond-matched
stock returns and volatilities for the period from 2006 to 2022. Columns refer to VOL quintiles and rows refer
to expected-stock-return (ESR) quintiles. We first sort on VOL and then on ESR. ESRs are built using the neural
network model described in Section 3.5. Returns are denoted in % per month. Volatilities are annualized and denoted
in %. The GRS test (with p-value) is reported for the joint set of ESR H−L-spreads. t-statistics (in parentheses) are
Newey–West (1987) adjusted with four lags. ∗∗∗, ∗∗, and ∗ denote significance at the 1%, 5%, and 10% levels.

ESR
VOL Low 2 3 4 High

A. Returns: Corporate Bond-Matched Stocks

Low 0.58 0.74 0.55 0.58 −0.98
2 0.60∗ 1.00∗∗ 0.97∗ 0.99 0.58
3 0.70∗∗ 0.72 1.05∗ 0.85 1.54∗
4 0.79∗∗ 1.00∗∗ 1.17∗∗ 1.10∗ 1.22
High 0.83∗∗ 0.98∗∗ 1.28∗∗ 1.66∗∗ 2.28∗∗

H−L 0.24∗ 0.23 0.74∗∗∗ 1.08∗∗∗ 3.26∗∗∗
(1.87) (1.10) (3.18) (3.52) (6.36)

GRS-Test 7.46 (0.00)

B. VOL: Corporate Bond-Matched Stocks

Low 19.45∗∗∗ 29.05∗∗∗ 37.05∗∗∗ 48.17∗∗∗ 98.62∗∗∗
2 19.44∗∗∗ 28.84∗∗∗ 36.74∗∗∗ 47.42∗∗∗ 80.69∗∗∗
3 19.70∗∗∗ 28.86∗∗∗ 36.72∗∗∗ 47.11∗∗∗ 75.58∗∗∗
4 20.00∗∗∗ 29.08∗∗∗ 36.80∗∗∗ 47.18∗∗∗ 73.93∗∗∗
High 20.64∗∗∗ 29.31∗∗∗ 37.12∗∗∗ 47.60∗∗∗ 77.40∗∗∗

H−L 1.19∗∗∗ 0.26∗∗∗ 0.07 −0.57∗∗∗ −21.23∗∗∗
(6.50) (4.12) (1.27) (−5.12) (−12.48)
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Table IA.17: Expected Stock Returns, Bond Returns, and Yield Spreads — Fama–
MacBeth Regressions

This table reports Fama–MacBeth regressions of monthly excess bond returns (columns 1–3) and yield spreads
(columns 4–6) on the expected stock return (ESR, Panel A) and the expected asset return (EAR, Panel B), for high-
yield bonds over the period from 2006–2022. ESRs are built using the neural network model described in Section 3.5.
Yield spreads are measured relative to a duration-matched risk-free benchmark. Columns 2 and 5 add bond controls
(modified duration, credit rating, log amount outstanding, log age, bid–ask spread, log maturity). Columns 3 and 6
further add firm controls (log market equity, leverage, book-to-market, return volatility). t-statistics (t) are reported
in parentheses. Standard errors are Newey–West (1987) adjusted with four lags. ∗∗∗, ∗∗, and ∗ denote significance at
the 1%, 5%, and 10% levels.

Excess Bond Return Yield Spread

(1) (2) (3) (4) (5) (6)

A. Expected Stock Return

0.119** 0.037 0.050** −0.772*** −0.182*** −0.210***
(2.40) (1.61) (2.39) (−7.55) (−6.51) (−8.74)

Observations 78,049 77,946 77,891 78,049 77,946 77,891

B. Expected Asset Return

0.231** 0.049 0.046 −1.417*** −0.261*** −0.254***
(2.40) (1.16) (1.10) (−7.67) (−5.29) (−6.47)

Observations 70,100 70,094 70,065 70,100 70,094 70,065

Bond Controls ✓ ✓ ✓ ✓
Firm Controls ✓ ✓
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Table IA.18: ESR-Sorted Corporate Bond Returns — Investment-Grade

This table reports average portfolio excess returns for investment-grade corporate bonds (RB) sorted on the expected
stock return (ESR) of the issuing firm for the period from 2006 to 2022. ESRs are built using the neural network
model described in Section 3.5. We further report portfolio volatility, average rating, average credit spread over
duration-matched Treasury yield in %, average maturity in years, average bond duration in years, as well as the
average yield-to-maturity (YTM) in percent. t-statistics (in parentheses) are adjusted for heteroscedasticity and
autocorrelation (Newey and West, 1987) with four lags.

Low 2 3 4 5 6 7 8 9 High H−L

RB 0.19 0.24∗ 0.21 0.22∗ 0.21 0.23∗ 0.16 0.17 0.19 0.18 −0.01
(t) (1.29) (1.84) (1.55) (1.68) (1.47) (1.67) (1.15) (1.20) (1.39) (1.21) (−0.28)
SD 1.71 1.59 1.64 1.62 1.76 1.66 1.80 1.73 1.65 1.84

Rating 7.97 7.70 7.63 7.64 7.69 7.72 7.75 7.85 7.97 8.21
Credit Spread 1.91 1.54 1.51 1.53 1.56 1.59 1.63 1.71 1.78 1.98
Maturity 9.27 9.63 9.97 9.87 10.03 9.94 9.88 9.82 9.45 8.96
Duration 5.00 6.05 6.39 6.51 6.51 6.47 6.37 6.19 5.89 5.27
YTM 4.31 3.94 3.95 3.95 3.99 4.02 4.06 4.13 4.17 4.33
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Table IA.19: Dependent Double Sorts on ESR and VOL — Investment Grade Corporate
Bonds

This table reports results for dependent double sorts of excess returns and volatilities on ESR and VOL for the period
from 2006 to 2022 for investment-grade corporate bonds. ESRs are built using the neural network model described
in Section 3.5. We first sort on VOL and then on ESR. Panel A displays investment-grade corporate bond returns.
Panel B refers to excess returns of stocks for which we also have a respective matched corporate bond. Panel C
refers to VOL of stocks for which we also have a respective matched corporate bond. t-statistics (in parentheses) are
adjusted for heteroscedasticity and autocorrelation (Newey and West, 1987) with four lags. Returns are in %, per
month, volatilities are in %, p.a., and Sharpe ratios (SR) are annualized. ∗∗∗, ∗∗, and ∗ indicate statistical significance
at the 1%, 5%, and 10% level, respectively.

ESR
VOL Low 2 3 4 High

A. Returns: Corporate Bonds

Low 0.17 0.17 0.20 0.17 0.30
2 0.22 0.19 0.21 0.21 0.35∗
3 0.18 0.17 0.21 0.22 0.26∗
4 0.16 0.18 0.08 0.12 0.20
High 0.20 0.23 0.20 0.21 0.15

H−L 0.03 0.06 −0.01 0.03 −0.15
(t) (0.53) (0.99) (−0.12) (0.44) (−1.53)

GRS-Test 1.13 (0.35)

B. Returns: Corporate Bond-Matched Stocks

Low 0.73∗∗ 0.84∗∗ 0.92∗∗ 0.85 0.71
2 0.71∗∗∗ 0.90∗∗∗ 1.04∗∗ 1.08∗∗ 1.24∗
3 0.65∗∗ 1.04∗∗∗ 0.90∗∗ 1.08∗∗ 1.25∗∗
4 0.75∗∗∗ 0.91∗∗ 0.79∗ 1.21∗∗ 1.41∗∗
High 0.75∗∗ 0.71∗∗ 1.08∗∗ 1.19∗∗ 2.08∗∗∗

H−L 0.03 −0.12 0.15 0.34 1.38∗∗∗
(t) (0.19) (−0.74) (0.74) (1.52) (3.75)

GRS-Test 2.78 (0.02)

C. VOL: Corporate Bond-Matched Stocks

Low 16.64∗∗∗ 23.24∗∗∗ 28.82∗∗∗ 36.29∗∗∗ 70.46∗∗∗
2 16.65∗∗∗ 23.20∗∗∗ 28.73∗∗∗ 35.99∗∗∗ 55.91∗∗∗
3 16.75∗∗∗ 23.26∗∗∗ 28.75∗∗∗ 36.04∗∗∗ 54.11∗∗∗
4 17.00∗∗∗ 23.31∗∗∗ 28.83∗∗∗ 36.21∗∗∗ 53.79∗∗∗
High 17.20∗∗∗ 23.54∗∗∗ 29.07∗∗∗ 36.56∗∗∗ 57.41∗∗∗

H−L 0.56∗∗∗ 0.31∗∗∗ 0.26∗∗∗ 0.27∗∗∗ −13.04∗∗∗
(t) (4.22) (7.73) (7.04) (3.49) (−12.21)
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Table IA.20: Dependent Double Sorts on ESR and VOL — Call Subsample
This table reports results for dependent double sorts of excess returns and volatilities on ESR and VOL for the period
from 2006 to 2022. The sample is restricted to call options and stocks for which we have a respective call option.
ESRs are built using the neural network model described in Section 3.5. We first sort on VOL and then on ESR.
Panel A refers to ATM call option excess returns. Panel B refers to excess returns of stocks for which we also have a
respective call option. Panel C refers to VOL of stocks for which we also have a respective call option. Panel D refers
to the difference between VOL and implied volatility of the respective ATM call option. t-statistics (in parentheses)
are adjusted for heteroscedasticity and autocorrelation (Newey and West, 1987) with four lags. The GRS test (with
p-value) is reported for the joint set of ESR H−L-spreads. Returns are in %, per month, volatilities are in %, p.a.
∗∗∗, ∗∗, and ∗ indicate statistical significance at the 1%, 5%, and 10% level, respectively.

ESR
VOL Low 2 3 4 High

A. Returns: ATM Calls

Low 10.99∗∗ 8.52∗ 9.55∗∗ 4.56 −5.53
2 14.23∗∗∗ 12.61∗∗ 11.29∗∗ 4.08 1.31
3 15.65∗∗∗ 11.83∗∗ 9.21∗ 4.79 0.82
4 15.70∗∗∗ 12.80∗∗∗ 11.13∗∗ 3.34 −1.18
High 14.45∗∗∗ 11.81∗∗ 9.45∗∗ 5.95 3.32

H−L 3.46 3.29 −0.10 1.39 8.86∗∗∗
(t) (1.05) (1.01) (−0.03) (0.52) (3.06)
GRS-Test 2.51 (0.03)

B. Returns: Call-matched Stocks

Low 0.66∗∗ 0.64 0.44 0.18 −0.88
2 0.75∗∗∗ 0.93∗∗ 0.95∗∗ 0.45 0.36
3 0.82∗∗∗ 0.82∗∗ 0.87∗ 0.69 0.34
4 0.76∗∗ 0.92∗∗ 0.96∗∗ 0.76 0.36
High 0.81∗∗ 1.02∗∗ 1.04∗∗ 1.02∗ 0.96

H−L 0.15 0.38∗∗ 0.60∗∗ 0.84∗∗ 1.84∗∗∗
(t) (0.99) (2.07) (2.23) (2.30) (4.17)
GRS-Test 5.14 (0.00)
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Table IA.20 — continued

ESR
VOL Low 2 3 4 High

C. VOL: Call-matched Stocks

Low 19.04∗∗∗ 28.08∗∗∗ 36.23∗∗∗ 47.49∗∗∗ 89.66∗∗∗
2 19.07∗∗∗ 27.86∗∗∗ 35.80∗∗∗ 46.70∗∗∗ 77.59∗∗∗
3 19.36∗∗∗ 27.91∗∗∗ 35.75∗∗∗ 46.39∗∗∗ 74.03∗∗∗
4 19.74∗∗∗ 28.11∗∗∗ 35.86∗∗∗ 46.39∗∗∗ 72.84∗∗∗
High 20.47∗∗∗ 28.38∗∗∗ 36.14∗∗∗ 46.83∗∗∗ 74.78∗∗∗

H−L 1.42∗∗∗ 0.29∗∗∗ −0.10 −0.65∗∗∗ −14.88∗∗∗
(t) (10.61) (6.39) (−1.45) (−5.29) (−12.06)

D. VOL-IV

Low −5.92∗∗∗ −6.22∗∗∗ −6.95∗∗∗ −7.17∗∗∗ 10.12∗∗∗
2 −5.17∗∗∗ −4.09∗∗∗ −3.48∗∗∗ −2.90∗∗∗ 8.96∗∗∗
3 −5.57∗∗∗ −4.38∗∗∗ −3.05∗∗∗ −1.18 10.39∗∗∗
4 −6.05∗∗∗ −5.05∗∗∗ −3.46∗∗∗ −0.71 11.66∗∗∗
High −8.13∗∗∗ −7.79∗∗∗ −6.85∗∗∗ −4.33∗∗∗ 10.54∗∗∗

H−L −2.21∗∗∗ −1.57∗∗∗ 0.10 2.84∗∗∗ 0.43
(t) (−7.38) (−4.40) (0.23) (4.79) (0.55)
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Table IA.21: Dependent Double Sorts on ESR and VOL — Put Subsample
This table reports results for dependent double sorts of excess returns and volatilities on ESR and VOL for the period
from 2006 to 2022. The sample is restricted to put options and stocks for which we have a respective put option.
ESRs are built using the neural network model described in Section 3.5. We first sort on VOL and then on ESR.
Panel A refers to ATM put option excess returns. Panel B refers to excess returns of stocks for which we also have a
respective put option. Panel C refers to VOL of stocks for which we also have a respective put option. Panel D refers
to the difference between VOL and implied volatility of the respective ATM put option. t-statistics (in parentheses)
are adjusted for heteroscedasticity and autocorrelation (Newey and West, 1987) with four lags. The GRS test (with
p-value) is reported for the joint set of ESR H−L-spreads. Returns are in %, per month, volatilities are in %, p.a.
∗∗∗, ∗∗, and ∗ indicate statistical significance at the 1%, 5%, and 10% level, respectively.

ESR
VOL Low 2 3 4 High

A. Returns: ATM Puts

Low −1.65 −6.00 −1.98 2.10 −3.73
2 −10.71 −11.54 −9.75 −6.91 −8.43
3 −13.62 −12.59∗ −10.63 −8.60 −8.07
4 −10.89 −12.54 −11.34 −9.11 −12.44∗∗
High −11.86 −12.95∗ −9.68 −11.16∗ −8.98∗

H−L −10.21 −6.95∗∗ −7.70∗∗ −13.25∗∗∗ −5.25∗
(t) (−1.39) (−2.30) (−2.21) (−3.71) (−1.85)
GRS-Test 4.45 (0.00)

B. Returns: Put-matched Stocks

Low 0.62∗∗ 0.67 0.26 −0.01 −0.91
2 0.78∗∗∗ 0.87∗∗ 0.90∗ 0.49 0.43
3 0.80∗∗∗ 0.89∗∗ 0.84∗ 0.64 0.21
4 0.68∗∗ 0.99∗∗ 0.96∗∗ 0.84 0.28
High 0.80∗∗ 0.93∗∗ 1.04∗∗ 1.12∗∗ 0.92

H−L 0.18 0.26 0.78∗∗∗ 1.13∗∗∗ 1.83∗∗∗
(t) (1.03) (1.54) (2.62) (2.74) (4.19)
GRS-Test 4.80 (0.00)
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Table IA.21 — continued

ESR
VOL Low 2 3 4 High

C. VOL: Put-matched Stocks

Low 18.88∗∗∗ 27.98∗∗∗ 36.17∗∗∗ 47.53∗∗∗ 90.84∗∗∗
2 18.92∗∗∗ 27.72∗∗∗ 35.69∗∗∗ 46.68∗∗∗ 78.05∗∗∗
3 19.27∗∗∗ 27.76∗∗∗ 35.62∗∗∗ 46.38∗∗∗ 74.78∗∗∗
4 19.63∗∗∗ 27.96∗∗∗ 35.77∗∗∗ 46.33∗∗∗ 73.09∗∗∗
High 20.37∗∗∗ 28.25∗∗∗ 36.04∗∗∗ 46.85∗∗∗ 75.25∗∗∗

H−L 1.49∗∗∗ 0.27∗∗∗ −0.14∗∗ −0.68∗∗∗ −15.58∗∗∗
(t) (9.54) (5.46) (−1.99) (−4.96) (−11.52)

D. VOL-IV

Low −6.49∗∗∗ −6.72∗∗∗ −7.75∗∗∗ −8.46∗∗∗ 6.83∗∗∗
2 −5.72∗∗∗ −4.56∗∗∗ −4.17∗∗∗ −3.91∗∗∗ 6.84∗∗∗
3 −6.12∗∗∗ −4.75∗∗∗ −3.70∗∗∗ −1.81∗∗ 9.23∗∗∗
4 −6.64∗∗∗ −5.57∗∗∗ −3.86∗∗∗ −1.29∗∗ 10.61∗∗∗
High −8.57∗∗∗ −8.23∗∗∗ −7.14∗∗∗ −4.94∗∗∗ 10.12∗∗∗

H−L −2.08∗∗∗ −1.51∗∗∗ 0.62 3.52∗∗∗ 3.29∗∗∗
(t) (−6.24) (−3.90) (1.31) (5.24) (3.66)
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Table IA.22: Dependent Double Sorts of Volatility – All Stocks

This table reports total volatility from a 5 × 5 dependent double sort of all stocks on VOL and ESR for the period
from 1987 to 2022. Columns correspond to volatility (VOL) quintiles, and rows correspond to expected-stock-return
(ESR) quintiles. ESRs are built using the neural network model described in Section 3.5. Panel A sorts on VOL first
and then on ESR within each VOL quintile. Panel B sorts on ESR first and then on VOL within each ESR quintile.
The bottom “H−L” row represents the high-minus-low ESR spread within each VOL quintile, and the rightmost
“H−L” column represents the high-minus-low VOL spread within each ESR quintile. The corresponding volatilities
are reported in Table IA.22. t-statistics (in parentheses) are adjusted for heteroscedasticity and autocorrelation
(Newey and West, 1987) with four lags. ∗, ∗∗, and ∗∗∗ denote significance at the 10%, 5%, and 1% levels.

ESR
VOL Low 2 3 4 High

A. Dependent sort: first VOL, then ESR

Low 13.92∗∗∗ 28.39∗∗∗ 41.44∗∗∗ 60.36∗∗∗ 128.04∗∗∗
2 14.19∗∗∗ 27.87∗∗∗ 40.44∗∗∗ 58.51∗∗∗ 114.25∗∗∗
3 14.87∗∗∗ 27.80∗∗∗ 40.07∗∗∗ 57.78∗∗∗ 110.35∗∗∗
4 15.64∗∗∗ 27.86∗∗∗ 39.96∗∗∗ 57.46∗∗∗ 111.12∗∗∗
High 16.28∗∗∗ 28.24∗∗∗ 40.42∗∗∗ 58.36∗∗∗ 121.98∗∗∗

H−L 2.36∗∗∗ −0.15∗∗ −1.02∗∗∗ −2.00∗∗∗ −6.06∗∗∗
(t) (7.75) (−2.17) (−9.87) (−12.85) (−4.73)

ESR
VOL Low 2 3 4 High H−L (t)

B. Dependent sort: first ESR, then VOL

Low 32.84∗∗∗ 53.33∗∗∗ 69.02∗∗∗ 89.77∗∗∗ 163.84∗∗∗ 131.00∗∗∗ (34.69)
2 15.49∗∗∗ 27.98∗∗∗ 39.07∗∗∗ 53.02∗∗∗ 97.28∗∗∗ 81.79∗∗∗ (31.58)
3 12.45∗∗∗ 22.06∗∗∗ 30.53∗∗∗ 41.90∗∗∗ 79.12∗∗∗ 66.67∗∗∗ (31.78)
4 14.23∗∗∗ 23.31∗∗∗ 30.80∗∗∗ 41.15∗∗∗ 77.83∗∗∗ 63.60∗∗∗ (31.69)
High 19.99∗∗∗ 31.98∗∗∗ 43.29∗∗∗ 60.68∗∗∗ 124.16∗∗∗ 104.17∗∗∗ (27.11)
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F Derivations and Proofs
We study ∂E[R]

∂µ , ∂E[R]
∂σ , and ∂2E[R]

∂σ ∂µ for maturity returns of calls, puts, and bonds in the Black–
Scholes–Merton model. We show under which conditions the signs of these derivatives are the same
as those for the instantaneous returns presented in Table 3.

F.1 Calls
Let ϕ and N denote the standard normal density and cumulative distribution function, respectively,
and define the lower-tail Mills ratio as

M(x) ≡ N(x)
ϕ(x) .

The function M is strictly increasing and strictly convex on R.
Let

CP
t ≡ e−µτEt

[
(St+τ −K)+

]
denote the physical-measure analogue of the call value, and let

C∗
t ≡ e−rf τE∗

t

[
(St+τ −K)+

]
denote the time-t call price. Their Black–Scholes–Merton representations are

CP
t = StN(d1)−Ke−µτN(d2), (IA.17)

C∗
t = StN(d∗1)−Ke−rf τN(d∗2), (IA.18)

where

d1,2 =
ln(St/K) +

(
µ± 1

2σ
2
)
τ

σ
√
τ

, (IA.19)

d∗1,2 =
ln(St/K) +

(
rf ± 1

2σ
2
)
τ

σ
√
τ

. (IA.20)

The expected gross maturity return of the call is

Et[RC ] =
Et
[
(St+τ −K)+

]
C∗
t

= eµτ
CP
t

C∗
t

= Ste
µτN(d1)−KN(d2)

C∗
t

. (IA.21)
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F.1.1 ∂E[RC ]
∂µ

Because C∗
t is independent of µ, differentiating (IA.21) gives

∂Et[RC ]
∂µ

= 1
C∗
t

[
τSte

µτN(d1) + Ste
µτϕ(d1)

√
τ

σ
−Kϕ(d2)

√
τ

σ

]
. (IA.22)

Using the identity
Ste

µτϕ(d1) = Kϕ(d2),

the density terms cancel, yielding

∂Et[RC ]
∂µ

= τSte
µτN(d1)
C∗
t

> 0. (IA.23)

F.1.2 ∂E[RC ]
∂σ

Hu and Jacobs (2020) show that expected hold-to-maturity call returns decrease in the underlying
asset’s volatility when the risk premium is positive, µ > rf . We record their result and extend it
to µ < rf , where the relation reverses. The level effect therefore changes sign at µ = rf , consistent
with the instantaneous relation

∂E[R]
∂σ

= ∂Ω

∂σ
(µ− rf )

in the main text.
Recall that di is evaluated at the physical drift µ and d∗i at the risk-free rate rf , with

di − d∗i =
(µ− rf )

√
τ

σ
, i = 1, 2,

and
d1 − d2 = d∗1 − d∗2 = σ

√
τ .

Proposition 1 The expected gross call return satisfies

sign
(
∂Et[RC ]

∂σ

)
= − sign(µ− rf ).

It decreases in volatility for µ > rf , increases in volatility for µ < rf , and is stationary with respect

to volatility when µ = rf .

Proof. Hu and Jacobs (2020, eq. (13)) show that the sign of ∂Et[RC ]
∂σ is the opposite of the sign of

a second difference of the Mills ratio M across {d1, d2} and {d∗1, d∗2}.
Define

∆(a) ≡ M
(
a+ σ

√
τ
)
−M(a).
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The relevant second difference is
∆(d2)−∆(d∗2).

Because M is strictly convex, ∆(a) is strictly increasing in a. Consequently,

sign
(
∆(d2)−∆(d∗2)

)
= sign(d2 − d∗2) = sign(µ− rf ).

Since the volatility derivative has the opposite sign of this difference, it follows that

sign
(
∂Et[RC ]

∂σ

)
= − sign(µ− rf ).

■

F.1.3 ∂2E[RC ]
∂σ ∂µ

We use the standard fact that the lower-tail Mills ratio

M(x) ≡ N(x)
ϕ(x)

and the function xM(x) are strictly increasing on R; see, for example, Baricz (2008).
Differentiating (IA.21) with respect to µ gives

∂Et[RC ]
∂µ

= 1
C∗
t

[
τSte

µτN(d1) + Ste
µτϕ(d1)

√
τ

σ
−Kϕ(d2)

√
τ

σ

]
= τSte

µτN(d1)
C∗
t

> 0, (IA.24)

where we use Ste
µτϕ(d1) = Kϕ(d2).

Hence
∂2Et[RC ]
∂σ ∂µ

= τSte
µτ ∂

∂σ

(
N(d1)
C∗
t

)
. (IA.25)

By the quotient rule,
∂

∂σ

(
N(d1)
C∗
t

)
= N(d1)

C∗
t

[
ϕ(d1)
N(d1)

∂d1
∂σ

− V
C∗
t

]
, (IA.26)

where V ≡ ∂C∗
t /∂σ = Stϕ(d∗1)

√
τ and

∂d1
∂σ

= −d2
σ
.

Therefore, the cross-partial is negative if and only if

−d2
[
M(d∗1)−M(d∗2)

]
< σ

√
τ M(d1). (CP-C)

Indeed,
C∗
t = Stϕ(d∗1)

[
M(d∗1)−M(d∗2)

]
, V = Stϕ(d∗1)

√
τ ,
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so (CP-C) is equivalent to
∂2Et[RC ]
∂σ ∂µ

< 0.

A Positive Equity Premium as a Sufficient Condition

Proposition 2 If µ ≥ rf , then
∂2Et[RC ]
∂σ ∂µ

< 0

for all St,K, σ, τ > 0.

Proof. It suffices to verify (CP-C). If d2 ≥ 0, its left-hand side is nonpositive and the right-hand
side is strictly positive, so the condition holds.

Now suppose d2 < 0. Let

δ ≡
(µ− rf )

√
τ

σ
≥ 0, di = d∗i + δ, i = 1, 2.

Define
Ψ(δ) ≡ σ

√
τ M(d∗1 + δ) + (d∗2 + δ)

[
M(d∗1)−M(d∗2)

]
.

Then Ψ(δ) > 0 is equivalent to (CP-C). Since M is strictly increasing and d∗1 > d∗2,

Ψ ′(δ) = σ
√
τ M ′(d∗1 + δ) +M(d∗1)−M(d∗2) > 0.

Also, using d∗1 − d∗2 = σ
√
τ ,

Ψ(0) = d∗1M(d∗1)− d∗2M(d∗2) > 0,

because xM(x) is strictly increasing. Hence Ψ(δ) > 0 for all δ ≥ 0, and (CP-C) holds. ■

Remark 1 Condition (CP-C) is satisfied throughout the empirically relevant parameter region

considered in the paper. We analyze analytically the region µ ≥ rf , for which the condition always

holds, and use Figure IA.7 to characterize the case µ < rf . For a one-month at-the-money call with

σ = 30% p.a., the condition holds for µ > −70% p.a., far below any empirically observed value.

F.2 Puts
The put case is the mirror image of the call case. Let

M̃(x) ≡ N(−x)
ϕ(x)

denote the upper Mills ratio. By Baricz (2008), M̃ is strictly decreasing and strictly convex on R,
and xM̃(x) is strictly increasing.

Let
P ∗
t ≡ e−rf τE∗

t

[
(K − St+τ )+

]
= Ke−rf τN(−d∗2)− StN(−d∗1)
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Figure IA.7: The call cross-partial condition.

The figure plots the boundary at which Condition (CP-C) holds with equality. The shaded region indicates parameter
combinations for which ∂2Et[RC ]

∂σ ∂µ
< 0. We set σ = 0.3, rf = 0.03, and τ = 1/12.
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denote the time-t put price, and let

Et[RP ] = KN(−d2)− Ste
µτN(−d1)

P ∗
t

be the expected gross maturity return of the put, where di and d∗i are defined as in the call case.

F.2.1 ∂E[RP ]
∂µ

Since P ∗
t does not depend on µ,

∂Et[RP ]
∂µ

= 1
P ∗
t

[
−τSte

µτN(−d1) + Ste
µτϕ(d1)

√
τ

σ
−Kϕ(d2)

√
τ

σ

]
= −τSte

µτN(−d1)
P ∗
t

< 0, (IA.27)

where we use Ste
µτϕ(d1) = Kϕ(d2).

F.2.2 ∂E[RP ]
∂σ

The volatility derivative is the sign-reversed put analogue of the call result. Equivalently, the put
case follows from the same Mills-ratio argument as in Hu and Jacobs (2020), with the lower Mills
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ratio replaced by the upper Mills ratio and all inequalities reversed. Therefore,

sign
(
∂Et[RP ]

∂σ

)
= sign(µ− rf ).

Thus expected put returns increase in volatility for µ > rf , decrease in volatility for µ < rf , and
are stationary at µ = rf .

F.2.3 ∂2E[RP ]
∂σ ∂µ

We have
∂2Et[RP ]
∂σ ∂µ

= −τSte
µτ ∂

∂σ

(
N(−d1)

P ∗
t

)
.

By the quotient rule,

∂

∂σ

(
N(−d1)

P ∗
t

)
= N(−d1)

P ∗
t

[
ϕ(d1)

N(−d1)
d2
σ

− VP

P ∗
t

]
, (IA.28)

where
VP ≡ ∂P ∗

t

∂σ
= Stϕ(d∗1)

√
τ .

Using
P ∗
t = Stϕ(d∗1)

[
M̃(d∗2)− M̃(d∗1)

]
,

ϕ(d1)
N(−d1)

= 1
M̃(d1)

,

we obtain that
∂2Et[RP ]
∂σ ∂µ

> 0

if and only if the following put cross-partial condition holds:

d2
[
M̃(d∗2)− M̃(d∗1)

]
< σ

√
τ M̃(d1). (CP-P)

Condition (CP-P) is the put analogue of (CP-C). It is satisfied throughout the empirically
relevant parameter region considered in the paper. First, we show analytically that it always holds
for µ ≤ rf . Second, for µ > rf , Figure IA.8 provides a numerical illustration.

A Non-Positive Equity Premium as a Sufficient Condition

Proposition 3 If µ ≤ rf , then
∂2Et[RP ]
∂σ ∂µ

> 0

for all St,K, σ, τ > 0.

Proof. It suffices to establish (CP-P).
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If d2 ≤ 0, the left-hand side of (CP-P) is nonpositive, whereas the right-hand side is strictly
positive. Hence the condition holds.

Suppose instead that d2 > 0. Let

δ ≡
(µ− rf )

√
τ

σ
≤ 0, di = d∗i + δ, i = 1, 2.

Define
ΨP (δ) ≡ σ

√
τ M̃(d∗1 + δ)− (d∗2 + δ)

[
M̃(d∗2)− M̃(d∗1)

]
.

Then ΨP (δ) > 0 is equivalent to (CP-P). Differentiating gives

Ψ ′
P (δ) = σ

√
τ M̃ ′(d∗1 + δ)−

[
M̃(d∗2)− M̃(d∗1)

]
< 0,

because M̃ is strictly decreasing and d∗1 > d∗2. At δ = 0, using d∗1 − d∗2 = σ
√
τ ,

ΨP (0) = d∗1M̃(d∗1)− d∗2M̃(d∗2) > 0,

since xM̃(x) is strictly increasing. Because δ ≤ 0 and ΨP is decreasing in δ, we have ΨP (δ) ≥
ΨP (0) > 0. Hence (CP-P) holds. ■

Remark 2 Condition (CP-P) is the put analogue of (CP-C): it is obtained by replacing the lower

Mills ratio with the upper Mills ratio and reversing the sign pattern. The put result holds for

µ ≤ rf ; for µ > rf , Figure IA.8 illustrates the boundary at which the sign may change. For a

one-month at-the-money put with σ = 30% p.a., the condition holds for µ < +100% p.a., far above

any empirically observed value.

F.3 Bonds
We start by studying maturity returns, and then generalize to holding period returns.

The risky bond pays min(Vt+τ ,K) = K − (K − Vt+τ )+ at maturity: it is long a risk-free
zero-coupon bond with face value K and short a put on the firm value Vt. Its time-t price is

B∗
t = Ke−rf τ − P ∗

t = Ke−rf τN(d∗2) + VtN(−d∗1),

and its expected gross maturity return is

Et[RB] =
K − Et

[
(K − Vt+τ )+

]
B∗

t

= KN(d2) + Vte
µτN(−d1)

B∗
t

, (IA.29)

where di and d∗i are defined as in the call case with St replaced by Vt. Using Vte
µτϕ(d1) = Kϕ(d2)

and its risk-neutral analogue, this can be written as

Et[RB] = eµτ
ϕ(d1)
ϕ(d∗1)

H(d2)
H(d∗2)

, H(x) ≡ M(x) + M̃
(
x+ σ

√
τ
)
, (IA.30)
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Figure IA.8: The put cross-partial condition.

The figure plots the boundary at which Condition (CP-P) holds with equality. The shaded region indicates parameter
combinations for which ∂2Et[RP ]

∂σ ∂µ
> 0. We set σ = 0.3, rf = 0.03, and τ = 1/12.
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which the proofs below use.

Maturity returns

F.3.1 ∂E[RB ]
∂µ

Since B∗
t does not depend on µ,

∂Et[RB]
∂µ

= 1
B∗

t

[
τVte

µτN(−d1) +Kϕ(d2)
√
τ

σ
− Vte

µτϕ(d1)
√
τ

σ

]
= τVte

µτN(−d1)
B∗

t

> 0, (IA.31)

where we use Vte
µτϕ(d1) = Kϕ(d2).

F.3.2 ∂E[R]B
∂σ

In contrast to the call and put cases, the sign of the bond level effect depends on the distance to
default.
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Proposition 4 The expected gross bond return satisfies

sign
(
∂Et[RB]

∂σ

)
= sign(µ− rf ) · sign

(
2 ln(Vt/K) + (µ+ rf )τ

)
.

In particular, whenever 2 ln(Vt/K) + (µ+ rf )τ > 0, the bond level effect has the same sign pattern

as in the put case and vanishes at µ = rf .

Proof. Differentiating the logarithm of (IA.30) with respect to σ, using ∂d1
∂σ = −d2

σ , ∂d2
∂σ = −d1

σ ,
M ′(x) = 1 + xM(x), and M̃ ′(x) = xM̃(x)− 1, gives

∂ lnH(d2)
∂σ

= −
√
τ

H(d2)
− d1d2

σ
,

∂ lnϕ(d1)
∂σ

= d1d2
σ

,

and analogously for the starred terms, so that

∂ lnEt[RB]
∂σ

=
√
τ

[
1

H(d∗2)
− 1

H(d2)

]
.

Since H > 0, the level effect has the sign of H(d2)−H(d∗2). Because M(−x) = M̃(x), the function
H is symmetric about −σ

√
τ/2, i.e., H(−σ

√
τ − x) = H(x), and it is strictly convex as the sum

of the strictly convex functions M and M̃( · + σ
√
τ). Hence H decreases strictly to the left and

increases strictly to the right of −σ
√
τ/2, so that

H(d2) > H(d∗2) ⇐⇒
(
d2 − d∗2

)(
d2 + d∗2 + σ

√
τ
)
> 0.

Substituting d2 − d∗2 =
(µ−rf )

√
τ

σ and d2 + d∗2 + σ
√
τ = 2 ln(Vt/K)+(µ+rf )τ

σ
√
τ

completes the proof. ■

Remark 3 The condition 2 ln(Vt/K) + (µ+ rf )τ > 0 is equivalent to Et[Vt+τ ]E∗
t [Vt+τ ] > K2 and

holds, for example, whenever d2 ≥ 0 and d∗2 ≥ 0, that is, whenever the physical and risk-neutral

default probabilities do not exceed one half. It is violated only by severely distressed issuers, for

which the bond inherits the asset-like exposure of the firm and the level effect reverses sign.

F.3.3 ∂2E[RB ]
∂σ ∂µ

Differentiating (IA.31) with respect to σ gives

∂2Et[RB]
∂σ ∂µ

= τVte
µτ ∂

∂σ

(
N(−d1)

B∗
t

)
.

By the quotient rule,

∂

∂σ

(
N(−d1)

B∗
t

)
= N(−d1)

B∗
t

[
ϕ(d1)

N(−d1)
d2
σ

− VB

B∗
t

]
, VB ≡ ∂B∗

t

∂σ
= −Vtϕ(d∗1)

√
τ . (IA.32)
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Using B∗
t = Vtϕ(d∗1)H(d∗2) and ϕ(d1)/N(−d1) = 1/M̃(d1), the cross-partial is positive if and only

if the following bond cross-partial condition holds:

d2H(d∗2) + σ
√
τ M̃(d1) > 0. (CP-B)

Proposition 5 If d2 ≥ 0, then ∂2Et[RB ]
∂σ ∂µ > 0 for all Vt,K, σ, τ > 0.

Proof. Since H(d∗2) > 0 and σ
√
τ M̃(d1) > 0, the left-hand side of (CP-B) is strictly positive

whenever d2 ≥ 0. ■

Remark 4 Recall that d2 is the firm’s distance to default under the physical measure: the time-

t probability of default at maturity is Pt(Vt+τ < K) = N(−d2). The condition d2 ≥ 0 therefore

requires a physical default probability of at most one half and is satisfied by all but severely distressed

issuers. It is sufficient but not necessary for (CP-B): for d2 < 0, Figure IA.9 shows the boundary

at which the condition holds with equality.

Figure IA.9: The bond cross-partial condition.

The figure plots the boundary at which Condition (CP-B) holds with equality. The shaded region indicates parameter
combinations for which ∂2Et[RB ]

∂σ ∂µ
> 0. We set σ = 0.3, rf = 0.03, and τ = 1/12.
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Holding period returns The preceding results concern returns to maturity. Consider instead
holding the bond from t to t + h, 0 < h ≤ τ , and selling it at its then-prevailing price B∗

t+h =
Ke−rf (τ−h)N(d′2) + Vt+hN(−d′1), where d′i denotes d∗i evaluated at asset value Vt+h and remaining
maturity τ − h. Define

µ̃ ≡ rf + (µ− rf )
h

τ
,
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and let d̃i denote di evaluated at drift µ̃.

Lemma 1 The expected gross holding-period bond return satisfies

Et

[
RB,h

]
≡

Et

[
B∗

t+h

]
B∗

t

= e−rf (τ−h) KN(d̃2) + Vte
µ̃τN(−d̃1)

B∗
t

,

that is, e−rf (τ−h) times the maturity return (IA.29) evaluated at drift µ̃.

Proof. Integrating B∗
t+h over the physical distribution of Vt+h term by term, the integral iden-

tities of Hu and Jacobs (2020, eqs. (A.1)–(A.5)) give Et[N(d′2)] = N(d̃2) and Et[Vt+hN(−d′1)] =
Vte

µhN(−d̃1), so that

Et
[
B∗

t+h

]
= Ke−rf (τ−h)N(d̃2) + Vte

µhN(−d̃1).

Since µ̃τ = rfτ + (µ− rf )h, we have eµh = e−rf (τ−h)eµ̃τ , and the claim follows. ■
Because e−rf (τ−h) depends on neither µ nor σ, ∂µ̃/∂µ = h/τ > 0, and sign(µ̃−rf ) = sign(µ−rf ),

the results of the preceding subsections extend to any holding period 0 < h ≤ τ with di replaced
by d̃i:

1. ∂Et[RB,h]
∂µ = hVteµhN(−d̃1)

B∗
t

> 0;

2. sign
(
∂Et[RB,h]

∂σ

)
= sign(µ− rf ) · sign

(
2 ln(Vt/K) + (µ̃+ rf )τ

)
;

3. ∂2Et[RB,h]
∂σ ∂µ > 0 if and only if d̃2H(d∗2) + σ

√
τ M̃(d̃1) > 0; in particular, d̃2 ≥ 0 is sufficient.

Remark 5 The drift µ̃ is a convex combination of rf and µ, so N(−d̃2) is the default probability

computed under a drift between the physical and the risk-neutral one; for µ > rf it rises from the

physical toward the risk-neutral default probability as the holding period shortens. The solvency

conditions in (ii) and (iii) therefore tighten monotonically toward their risk-neutral counterparts as

h → 0. For µ ≥ rf , the single condition d∗2 ≥ 0—a risk-neutral default probability of at most one

half—ensures for every holding period that the level effect has the same sign pattern as in the put

case and that the cross-partial is positive.
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G Feature Description
G.1 Stock Features
We build stock-level features based on the cross-section of stock returns literature. Beside the 94
features in Gu et al. (2020), we also include beta, beta squared, and idiosyncratic volatility com-
puted at the daily frequency, as well as higher-moment measures including skewness and kurtosis.
Table IA.23 provides details of the features.

Table IA.23: Description of Stock Features

This table reports the list of stock features used in the paper, as well as the respective sources.

No. feature paper’s author(s) year, journal
1 size Banz 1981, JFE
2 beta (weekly) Fama & MacBeth 1973, JPE
3 beta (daily) Fama & MacBeth 1973, JPE
4 idiosyncratic volatility (daily) Ali, Hwang & Trombley 2003, JFE
5 beta squared (daily) Fama & MacBeth 1973, JPE
6 beta squared (weekly) Fama & MacBeth 1973, JPE
7 change in 6-month momentum Gettleman & Marks 2006, WP
8 dollar trading volume Chordia, Subrahmanyam & Anshuman 2001, JFE
9 idiosyncratic volatility (weekly) Ali, Hwang & Trombley 2003, JFE
10 industry momentum Moskowitz & Grinblatt 1999, JF
11 1-month momentum Jegadeesh & Titman 1993, JF
12 6-month momentum Jegadeesh & Titman 1993, JF
13 12-month momentum Jegadeesh 1990, JF
14 36-month momentum Jegadeesh & Titman 1993, JF
15 price delay Hou & Moskowitz 2005, RFS
16 share turnover Datar, Naik & Radcliffe 1998, JFM
17 absolute accruals Bandyopadhyay, Huang & Wirjanto 2010, WP
18 working capital accruals Sloan 1996, TAR
19 # years since first Compustat coverage Jiang, Lee & Zhang 2005, RAS
20 asset growth Cooper, Gulen & Schill 2008, JF
21 cash flow to debt Ou & Penman 1989, JAE
22 cash productivity Chandrashekar & Rao 2009, WP
23 cash flow to price Desai, Rajgopal & Venkatachalam 2004, TAR
24 cash flow to price (industry-adjusted) Asness, Porter & Stevens 2000, WP
25 change in asset turnover (industry-adjusted) Soliman 2008, TAR
26 change in shares outstanding Pontiff & Woodgate 2008, JF
27 change in employees (industry-adjusted) Asness, Porter & Stevens 1994, WP
28 change in inventory Thomas & Zhang 2002, RAS
29 change in profit margin (industry-adjusted) Soliman 2008, TAR
30 convertible debt indicator Soliman 2008, TAR
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Table IA.23 — continued — Description of Stock Features

No. feature paper’s author(s) year, journal
31 current ratio Ou & Penman 1989, JAE
32 depreciation PP&E Holthausen & Larcker 1992, JAE
33 dividend initiation Michaely, Thaler & Womack 1995, JF
34 dividend omission Michaely, Thaler & Womack 1995, JF
35 dividend to price Litzenberger & Ramaswamy 1982, JF
36 growth in common shareholder equity Richardson, Sloan, Soliman & Tuna 2005, JAE
37 earnings to price Basu 1977, JF
38 gross profitability Novy-Marx 2013, JFE
39 growth in capital expenditures Anderson & Garcia-Feijoo 2006, JF
40 growth in long-term net operating assets Fairfield, Whisenant & Yohn 2003, TAR
41 industry sales concentration Hou & Robinson 2006, JF
42 employee growth rate Bazdresch, Belo & Lin 2014, JPE
43 capital expenditures and inventory Chen & Zhang 2010, JF
44 leverage Bhandari 1988, JF
45 growth in long-term debt Richardson, Sloan, Soliman & Tuna 2005, JAE
46 size (industry-adjusted) Asness, Porter & Stevens 2000, WP
47 operating profitability Fama & French 2005, JFE
48 organizational capital Eisfeldt & Papanikolaou 2013, JF
49 % change in capital expenditures (industry-adjusted) Abarbanell & Bushee 1998, TAR
50 % change in current ratio Ou & Penman 1989, JAE
51 % in depreciation Holthausen & Larcker 1992, JAE
52 % change in gross margin - % change in sales Abarbanell & Bushee 1998, TAR
53 % change in quick ratio Ou & Penman 1989, JAE
54 % change in sales - % change in inventory Abarbanell & Bushee 1998, TAR
55 % change in sales - % change in A/R Abarbanell & Bushee 1998, TAR
56 % change in sales - % change in SG&A Abarbanell & Bushee 1998, TAR
57 % change in sales-to-inventory Ou & Penman 1989, JAE
58 percent accruals Hafzalla, Lundholm & Van Winkle 2011, TAR
59 financial statements score Piotroski 2000, JAR
60 quick ratio Ou & Penman 1989, JAE
61 R&D increase Eberhart, Maxwell & Siddique 2004, JF
62 R&D to market capitalization Guo, Lev & Shi 2006, JBFA
63 R&D to sales Guo, Lev & Shi 2006, JBFA
64 real estate holdings Tuzel 2010, RFS
65 return on invested capital Brown & Rowe 2007, WP
66 sales to cash Ou & Penman 1989, JAE
67 sales to inventory Ou & Penman 1989, JAE
68 sales to receivables Ou & Penman 1989, JAE
69 secured debt Valta 2016, JFQA
70 secured debt indicator Valta 2016, JFQA
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Table IA.23 — continued — Description of Stock Features

No. feature paper’s author(s) year, journal
71 sales growth Lakonishok, Shleifer & Vishny 1994, JF
72 sin stocks Hong & Kacperczyk 2009, JFE
73 sales to price Barbee, Mukherji, & Raines 1996, FAJ
74 debt capacity/firm tangibility Almeida & Campello 2007, RFS
75 tax income to book income Lev & Nissim 2004, TAR
76 abnormal earnings announcement volume Lerman, Livnat & Mendenhall 2007, WP
77 cash holdings Palazzo 2012, JFE
78 change in tax expense Thomas & Zhang 2011, JAR
79 corporate investment Titman, Wei & Xie 2004, JFQA
80 earnings announcement return Kishore, Brandt, Santa-Clara & Venkatachalam 2008, WP
81 number of earnings increase Barth, Elliott & Finn 1999, JAR
82 return on assets Balakrishnan, Bartov & Faurel 2010, JAE
83 earnings volatility Francis, LaFond, Olsson & Schipper 2004, TAR
84 return on equity Hou, Xue & Zhang 2015, RFS
85 revenue surprise Kama 2009, JBFA
86 accrual volatility Bandyopadhyay, Huang & Wirjanto 2010, WP
87 cash flow volatility Huang 2009, JFE
88 financial statement score Mohanram 2005, RAS
89 bid-ask spread Amihud & Mendelson 1989, JF
90 illiquidity Amihud 2002, JFM
91 maximum daily return Bali, Cakici & Whitelaw 2011, JFE
92 return volatility Ang, Hodrick, Xing & Zhang 2006, JF
93 volatility of liquidity (dollar trading volume) Chordia, Subrahmanyam & Anshuman 2001, JFE
94 volatility of liquidity (share turnover) Chordia, Subrahmanyam & Anshuman 2001, JFE
95 zero trading days Liu 2006, JFE
96 book-to-market Rosenberg, Reid & Lanstein 1985, JPM
97 book-to-market (industry-adjusted) Asness, Porter & Stevens 2000, WP
98 skewness Condard, Robert & Ghysels 2012, JF
99 kurtosis Condard, Robert & Ghysels 2012, JF
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